Homework 9: Gradients and Gradient Descent
EECS 245, Fall 2025 at the University of Michigan
due Friday, November 7th, 2025 at 11:59PM Ann Arbor Time

Write your solutions to the following problems by either typing them up or handwriting
them on another piece of paper. Homeworks are due to Gradescope by 11:59PM on the due
date. See the syllabus for details on the slip day policy.

Homework will be evaluated not only on the correctness of your answers, but on your
ability to present your ideas clearly and logically. You should always explain and justify
your conclusions, using sound reasoning. Your goal should be to convince the reader of
your assertions. If a question does not require explanation, it will be explicitly stated.

Before proceeding, make sure you're familiar with the collaboration policy.

Total Points: 10 + 12 + 9 + 13 + 12 + 12 + 12 = 80, but max score is 60!

Note: We’ve read your feedback on the Homework 8 Survey (thank you!), and are making two
changes to this homework:

¢ To encourage you to review the solutions to previous homeworks, the first problem on the
homework will ask you to reflect on some of your answers to Homework 8.

¢ Since recent homeworks have been taking longer than expected for students to complete,
and given the impending Midterm 2, for this homework only, we’ve lowered the “denom-
inator” from 80 to 60. This effectively allows you to skip 1-2 problems on the homework
and still earn a full score. That said, all of the problems are relevant to Midterm 2, so if you
don’t complete them, make sure to review their solutions.

Problem 1: Homework 8 Solutions Review (10 pts)

Once they’re available (Monday morning), review the solutions to Homework 8. Pick two prob-
lem parts (for example, Problem 2c and Problem 4a) from Homework 8 in which your solutions
have the most room for improvement, i.e. where they have unsound reasoning, could be signif-
icantly more efficient or clearer, etc. Include a screenshot of your solution to each problem part,
and in a few sentences, explain what was deficient and how it could be fixed.

Alternatively, if you think one of your solutions is significantly better than the posted one, copy
it here and explain why you think it is better. If you didn’t do Homework 8, choose two problem
parts from it that look challenging to you, and in a few sentences, explain the key ideas behind
their solutions in your own words.

This idea was borrowed from EECS 376. Thank you to those who suggested we borrow it in the Homework
8 Survey!


https://eecs245.org/syllabus/#homeworks
https://eecs245.org/syllabus/#homeworks

Problem 2: Gradient Descent Fundamentals (12 pts)
Let f(%) = (#1 —5)% + (23 —22)? + 1.

a) (4 pts) Find V f(Z), the gradient of f(Z).

b) (4 pts) Find the equation of the tangent plane to f(Z) at & = [ﬂ . Hint: See the solutions to Lab
9.

¢) (4 pts) To minimize f(Z), we'll use gradient descent. Perform one iteration of gradient descent

by hand, using the initial guess #(®) = [(1)] and learning rate o« = 5. What is 71)?

Problem 3: Regularization (9 pts)

Suppose we’d like to perform multiple linear regression using the n x (d 4+ 1) design matrix X,
observation vector i € R", and parameter vector @ € R4,

Instead of minimizing mean squared error to find w*, suppose we’d like to minimize the following
regularized objective function:

Riigge (@) = || — X||* + A ]|

where A > 0 is a constant. The +\||@||? term is called the regularization term.

The vector w;;dge that minimizes Rﬁdge(w) will be, in general, different than the vector w* that

minimizes mean squared error without the added +\|w? term, and will thus have a higher
mean squared error (meaning, worse predictions on the training data). But, it turns out that the
vector W, ge MAy make better predictions on unseen test data, if we choose X carefully, by forcing
the model to be more simple and less overfit to the training data.

We will explore this idea in more depth in Homework 10, once we have enough background to
fully explore. In this problem, you'll get started on your journey to understand regularization.

a) (6 pts) Find V Ryjgge (W), the gradient of Ryjgge ().
Hint: Most of the steps involved were done in Chapter 4.1, but you'll need to redo the work yourself
and extend it slightly.

b) (3 pts) Find g’ the vector that minimizes Ryigge ().

Hint: Your answer should be such that if A = 0, then w;;dge is the same as the vector w* that minimizes

mean squared error without the added +\||w||? term.

—

One of the side benefits of adding this regularization term is that a unique solution for ',

.. exists
ridge 4
even if X is not full rank!


https://eecs245.org/resources/labs/lab09/lab09-solutions.pdf
https://eecs245.org/resources/labs/lab09/lab09-solutions.pdf
https://notes.eecs245.org/gradients/gradient-vector/#minimizing-mean-squared-error

Problem 4: Product and Chain Rules (13 pts)

Our goal in this problem is to study the behavior of the function

where € R” and A is a symmetric n x n matrix (meaning A = AT). This function, called the
Rayleigh quotient, will play an important role in Chapter 5 of the course, when we eventually
study the dimensionality reduction problem first introduced in Chapter 1.1.

But first, we have to get a handle on a few gradient rules.

a) (4 pts) As described in the Norm and Chain Rule in Chapter 4.1, the chain rule for gradients
says that if

e g:R? - Ris a vector-to-scalar function, and
e 1 : R — Ris a scalar-to-scalar function,
then the gradient of the vector-to-scalar function f(Z) = h(g(Z)) is given by
Vi@ = (6@ Vola)
or, perhaps more intuitively,
Vf(E) = h(9(2))Vg(Z)

Note that we need to pay close attention to the types of functions we’'re working with. h(g(Z))
is well-defined, but g(h(Z)) is not, since h doesn’t take in vectors (it takes in scalars).

Find the gradients of each of the following functions.
(i) f1(%) =log(zT AT), where ¥ € R" and A is a symmetric n X n matrix
(ii) fo(%) = e 5@ P where 7,d € R"

Hint: You can use any of the three important gradient rules from Chapter 4.1 without proof.

b) (4 pts) The product rule for gradients is a natural extension of the product rule for derivatives.
If f(Z) = g(Z)h(Z), then
VI(#) = V(g(2)h(Z)) = g(£)VA(Z) + h(£)Vy(Z)
Find the gradients of each of the following functions.
(i) f3(&) = (@ T)(b- &), where Z,@,b € R"

(i) f4(%) = a'#7T AZ, where ¥,@ € R" and A is a symmetric n x n matrix

o) (5 pts) Putting together the chain rule and product rule, find the gradient of

where xz € R" and A is a symmetric n x n matrix.


https://notes.eecs245.org/supervised-learning/intro/#dimensionality-reduction
https://notes.eecs245.org/gradients/gradient-vector/#example-norm-and-chain-rule
https://notes.eecs245.org/gradients/gradient-vector/#summary-of-important-gradient-rules

Problem 5: Implementing Gradient Descent (12 pts)

This problem involves writing code and submitting it to the Gradescope autograder. The goal of
this problem is to give you a taste of how to implement gradient descent to find optimal model
parameters.

There are two ways to access the supplemental Jupyter Notebook:

¢ Option 1: Click here to open hw09 . ipynb on DataHub. Before doing so, read the instructions
on the Tech Support page on how to use the DataHub.

¢ Option 2: Set up a Jupyter Notebook environment locally, use git to clone our course repos-
itory, and open homeworks/hw09/hw09.ipynb. For instructions on how to do this, see the
Tech Support page of the course website.

This problem is entirely autograded; to receive credit for Problem 5 of this homework, you'll
need to submit your completed notebook to the autograder on Gradescope. Your submission
time for Homework 9 is the latter of your PDF and code submission times.

Problem 6: Convexity (12 pts)

In Chapter 4.3 (and Tuesday’s video lecture), we'll introduce the formal definition of convexity.
Intuitively, a function f : RY — R is convex if its graph is a bowl-shaped surface. Formally, f is
convex if and only if, for all # and ¥ in its domain, and for any ¢ € [0, 1],

ftd+ (1 =t)y) <tf(@)+ (1 -t)f(Y)

This is a formal way of saying that when you connect any two points on the graph of f with a line
segment, the line segment lies on or above the graph of f, never below.

The second derivative test for convexity is more convenient, but it doesn’t apply to non-differentiable
functions, e.g. f(x) = |z| is convex, but it isn’t differentiable.

For each statement below, prove that the statement is true using the formal definition above, or
give a counterexample.

a) (4 pts) The sum of two convex functions must also be convex.
b) (4 pts) The difference of two convex functions must also be convex.

¢) (4 pts) Suppose f(z) and g(z) are both scalar-to-scalar convex functions and that, for some
scalar a, f(a) = g(a). Then, h(x) is also convex, where

o 1w ez
he) {g(w) T >a

Hint: The statement is false, so focus your energy on finding a counterexample.


https://datahub.eecs245.org/hub/user-redirect/git-pull?repo=https%3A%2F%2Fgithub.com%2Feecs245%2Ffa25&urlpath=tree%2Ffa25%2Fhomeworks%2Fhw09%2Fhw09.ipynb&branch=main
https://eecs245.org/tech-support/#option-1-using-the-eecs-245-datahub
https://eecs245.org/tech-support

Problem 7: Jensen’s Inequality (12 pts)

As we've seen several times, the variance of a dataset z1, 22, ..., T, is defined

n

02 = 1 Z(zl —z)?

where z = Mean(z1, 22, ..., x,). By expanding the summation (as we’ve done in several home-
work problems), we find that

o2=1y a2

i=1

S|

Another way of expressing this equation is

02 = Mean(z?, ..., 22) — (Mean(zy, ..., z,,))*

Since 02 > 0, this implies that
Mean(z?, ...,22) — (Mean(z1, ..., x,))? > 0 = Mean(z?,...,22) > (Mean(zy, ..., z,))?

n n

The inequality on the last line can be expressed more generally as

Mean(g(z1), g9(z2), ..., g(xn)) > g(Mean(z1, ..., z,))

The inequality above is known as Jensen’s inequality, and is true for all convex functions g(z).
Let’s see how we can use Jensen’s inequality to prove something useful!

a) (2 pts) Using the second derivative test for convexity, prove that g(z) = —log(x) is convex
across its entire domain, (0, co). (It would be difficult to prove this using the formal definition
of convexity.)

b) (4 pts) Using Jensen’s inequality with g(z) = —log(x), prove that, for any dataset of positive
numbers x1, x2, ..., Tn,

T+ T2+ .. Ty
n
The quantity on the left is the familiar arithmetic mean (AM), while the quantity on the right

is known as the geometric mean (GM) of x1, =2, ..., x,,. The entire inequality above is known as
the “AM-GM inequality”.

> (z1 @9 ... -xn)l/"

c) (6 pts) Using Jensen’s inequality with some convex function g(z), prove that the arithmetic
mean is greater than or equal to the harmonic mean for any dataset of positive numbers
L1, X2, ..., Ty, L€,

$1+l‘2+m+InZ n

n L+l +2

1 Tn

T
Note that you must prove your choice of function g(x) is convex (using the second derivative
test for convexity)!

Hint: You can use a function that is only convex on an interval, as long as the only inputs you pass into
that function are some from that interval.



