
Lab 9: Feature Engineering; The Gradient Vector
EECS 245, Fall 2025 at the University of Michigan
due by the end of your lab section on Wednesday, October 29th, 2025

Name:

uniqname:

Each lab worksheet will contain several activities, some of which will involve writing code
and others that will involve writing math on paper. To receive credit for a lab, you must
complete all activities and show your lab TA by the end of the lab section.

While you must get checked off by your lab TA individually, we encourage you to form
groups with 1-2 other students to complete the activities together.

Activity 1: Multiple Linear Regression
Let X be a full rank n× 3 design matrix and y⃗ ∈ Rn be an observation vector. Suppose we have
already fit a multiple linear regression model of the form

h(x⃗i) = w0 +w1x
(1)
i +w2x

(2)
i

Now, suppose we add the feature (x
(1)
i + x

(2)
i ) to our design matrix and train a new model.

a) Which of the following are true about the new n× 4 design matrix Xnew with our added fea-
ture? Select all that apply.

The columns of Xnew are linearly independent

The columns of Xnew are linearly dependent
y⃗ is orthogonal to all the columns of Xnew

y⃗ is orthogonal to all the columns of the original design matrix X

colsp(X) = colsp(Xnew)
XT

newXnew is invertible

XT
newXnew is not invertible

b) Find a basis for nullsp(Xnew). (This should be quick!)
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Activity 2: Chicken, Beef, or Fish?
Every week, Lauren goes to her local grocery store and buys exactly one pound of meat (either
beef, fish, or chicken) but varying amounts of vegetables. We’ve collected a dataset containing the
pounds of vegetables bought, the type of meat bought, and the total bill. Below we display the
first few rows of the dataset and two plots generated using the entire (training) dataset.

In each part below, we provide you with a model that predicts total (her total grocery bill), fit to
the dataset by minimizing mean squared error. For each model, determine whether each optimal
parameter w∗ is positive, negative or exactly 0. For example, in part (iv), you’ll need to provide 3
answers: one for w∗

0, one for w∗
1, and one for w∗

2.

(i) h(x⃗i) = w0

(ii) h(x⃗i) = w0 +w1 · vegi

(iii) h(x⃗i) = w0+w1 ·meat=chickeni (one hot encoded feature for chicken)

(iv) h(x⃗i) = w0 +w1 · meat=beefi +w2 · meat=chickeni

(v) h(x⃗i) = w0 +w1 · meat=beefi +w2 · meat=chickeni +w3 · meat=fishi
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Activity 3: Gradients and Partial Derivatives
Suppose x⃗ ∈ R3. Let g(x⃗) = (x21 + x2 − 3)2 + (x1 + x22 − 4)2 + x23.

a) Find ∇g(x⃗). Hint: Start by finding the partial derivatives of g with respect to x1, x2, and x3.

b) Evaluate ∇g

21
0

. The result is a vector in R3. What does it mean?

c) Why is it guaranteed that g(x⃗) has a global minimum?
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Activity 4: The Big Three
In Chapter 4.1, we introduced three key gradient rules for vector-to-scalar functions.

• Dot product: If f(x⃗) = a⃗ · x⃗, then ∇f(x⃗) = a⃗.

• Squared norm: If f(x⃗) = ∥x⃗∥2, then ∇f(x⃗) = 2x⃗.

• Quadratic form: If f(x⃗) = x⃗TAx⃗, then ∇f(x⃗) = (A+AT )x⃗.

In each part below, assume x⃗, a⃗, b⃗ ∈ Rn, A ∈ Rn×n, and c ∈ R.

a) Given f(x⃗) = x⃗TAx⃗+ b⃗T x⃗+ c, find ∇f(x⃗).

b) Given f(x⃗) = ∑n
i=1 xi, find ∇f(x⃗).

c) Given f(x⃗) = ∥Ax⃗∥2, find ∇f(x⃗).

d) Given f(x⃗) = ∥x⃗∥, find ∇f(x⃗).
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e) Given f(x⃗) = (a⃗ · x⃗)2, find ∇f(x⃗).
Hint: Expand f(x⃗) so that you can use one of the “big three” rules.

Activity 5: Quadratic Forms and Symmetry

Suppose f(x⃗) = x⃗T
[
a b
c d

]
x⃗.

(i) Expand f(x⃗) so that it doesn’t involve matrices or vectors.

(ii) Find ∂f
∂x1

, ∂f
∂x2

, and show that ∇f(x⃗) =

[
∂f
∂x1
∂f
∂x2

]
satisfies the quadratic form rule.

(iii) Discuss: Why do we typically assume that A is symmetric when defining a quadratic form?
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Activity 6: Linear Approximation
Suppose f : R → R, i.e. f is a scalar-to-scalar function. In general, the tangent line to f(x) at
x = a is given by the equation

f(x) ≈ f(a) +

(
df
dx

(a)

)
(x− a)︸ ︷︷ ︸

tangent line

The ≈ symbol means that the tangent line is an approximation of f(x) near x = a; in Chapter 0.2,
we defined it as the best linear approximation of f(x) near x = a. The expression on the right is
a line with slope df

dx (a) that passes through the point (a, f(a)).

a) Draw f(x) = (x− 2)2 + 5 and its tangent line at x = 3.

b) For vector-to-scalar functions, the best linear approximation is given by

f(x⃗) ≈ f(a⃗) + (∇f(a⃗)) · (x⃗− a⃗)

If x⃗ ∈ R2, this is called the tangent plane; if x⃗ ∈ R3 or higher, it is called the tangent hyper-
plane.

Find the tangent plane to f(x⃗) = ∥x⃗∥2 − 3 at x⃗ =

[
2
5

]
.
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The rest of this worksheet is extra practice. Don’t feel pressured to answer all of these problems
in lab, but make sure to attempt them at some point.

Activity 7: Shuffled Design Matrix
Suppose we want to fit a hypothesis function of the form

h(x⃗i) = w0 +w1x
(1)
i +w2x

(2)
i +w3(x

(1)
i )2 +w4(x

(1)
i x

(2)
i )2

Our full dataset of n = 5 rows is

x(1) x(2) y

1 6 7
-3 8 2
4 1 9
-2 7 5
0 4 6

We know we need to find an optimal parameter vector w⃗ ∈ R5 that satisfies the normal equations.
To do so, we build a design matrix, but our columns get all shuffled due to an error with our
computer! Our shuffled design matrix is

Xshuffled =


36 6 1 1 1
576 8 −3 1 9
16 1 4 1 16
196 7 −2 1 4
0 4 0 1 0



Let s⃗∗ =


s∗0
s∗1
s∗2
s∗3
s∗4

 be the optimal parameter vector that satisfies the normal equations for this shuffled

design matrix. In each part below, select the feature that corresponds to the provided component
of s⃗∗, to “unshuffle” the design matrix.

a) Which term in h(x⃗i) does s∗0 correspond to?
intercept x

(1)
i x

(2)
i (x

(1)
i )2 (x

(1)
i x

(2)
i )2

b) Which term in h(x⃗i) does s∗1 correspond to?
intercept x

(1)
i x

(2)
i (x

(1)
i )2 (x

(1)
i x

(2)
i )2

c) Which term in h(x⃗i) does s∗2 correspond to?
intercept x

(1)
i x

(2)
i (x

(1)
i )2 (x

(1)
i x

(2)
i )2

d) Which term in h(x⃗i) does s∗3 correspond to?
intercept x

(1)
i x

(2)
i (x

(1)
i )2 (x

(1)
i x

(2)
i )2
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Activity 8: Normal Equations Review
Suppose we’d like to fit a linear regression model with an intercept term by minimizing mean
squared error, using the full rank design matrix X ∈ Rn×(d+1) and observation vector y⃗ ∈ Rn.

Let F = X(XTX)−1XT .

a) How many rows and columns does F have? Give both answers as expressions involving n, d,
and/or constants.

In each of the following parts, select one of the following options:

1. The design matrix

2. A vector orthogonal to the column space of X

3. The optimal prediction vector p⃗

4. The optimal parameter vector w⃗∗

5. A matrix, vector, or scalar that is none of these options

6. An invalid operation

b) What is XF ?
1 2 3 4 5 6

c) What is FX?
1 2 3 4 5 6

d) What is F y⃗?
1 2 3 4 5 6

e) What is (I − F )y⃗, where I is the identity matrix with the same dimensions as F ?
1 2 3 4 5 6

f) What is ((I − F )y⃗) · 1⃗n, where 1⃗n ∈ Rn containing all 1’s?
1 2 3 4 5 6
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