Homework 3: Vectors and the Dot Product Solutions
EECS 245, Spring 2026 at the University of Michigan
due Sunday, May 17th, 2026 at 11:59PM Ann Arbor Time

Write your solutions to the following problems either by writing them on a piece of paper
or on a tablet and scanning your answers as a PDE. Note that you are not allowed to use
LaTeX, Google Docs, or any other digital document creation software to type your answers.
Homeworks are due to Gradescope by 11:59PM on the due date. See the syllabus for details
on the slip day policy.

Homework will be evaluated not only on the correctness of your answers, but on your abil-
ity to present your ideas clearly and logically. You should always explain and justify your
conclusions, using sound reasoning. Your goal should be to convince the reader of your
assertions. If a question does not require explanation, it will be explicitly stated.

Before proceeding, make sure you're familiar with the collaboration policy.

Total Points: 10+ 14 +9+ 7+ 15+ 12+ 10+ 6 =83

Problem 1: Homework 2 Solutions Review (10 pts)

Review the solutions to Homework 2. Pick two problem parts (for example, Problem 2a and Prob-
lem 4b) from Homework 2 in which your solutions have the most room for improvement, i.e.,
where they have unsound reasoning, could be significantly more efficient or clearer, etc. Include
a screenshot of your solution to each problem part, and in a few sentences, explain what was
deficient and how it could be fixed.

Alternatively, if you think one of your solutions is significantly better than the posted one, copy
it here and explain why you think it is better. If you didn’t do Homework 2, choose two problem
parts from it that look challenging to you, and in a few sentences, explain the key ideas behind
their solutions in your own words.

Solution:



https://eecs245.org/syllabus/#homeworks
https://eecs245.org/syllabus/#homeworks

Problem 2: Parallelogram Law (14 pts)

3 2
a) (4pts) Letd = _06 and ¢ = le . Compute the following quantities:
2 -2
(@) |l
(ii) |7
(iii) [|@ + 7|
(iv) [|u —
Solution:
() 7] =32+ (—6)24+02+22=+/9+36+0+4=+49=7

(i) ||7] = \/22+12+42+(—2)2:\/4+1+16+ =v25=5
(iii)

1€+ 7| = v/(3+2)2 + (=6 + 1)2 + (0 + 4)2 + (2 — 2)2
=25 +25+ 16+ 0
=66

(iv)

1 — 3l = v/(3—2)2+ (=6 —1)2+ (0 — 4)2 + (2 — (-2))?
=V1+49+ 16 + 16
=82

b) (3 pts) Using the same vectors as in part a), compute the angle between « and ¢. Leave your
answer in terms of cos™ 1.

Solution:
Since i - U = ||]|||V]| cos 6, we have:

H-1723-2+(—6)-1+O-4+2-(—2):6—6—|—0—4:—4,

7] = /32 + (—6)2 4+ 02 + 22 = /49 = 7,

[t :\/22+12+42 +(—2)2=v25 =5,
cosf = i-v —4 —i.
]| Hv 5 35




U1 U1
U2 V2

¢) (4 pts) Now, suppose @ = | . | and ¥ = | . | are any two vectors in R™. Prove that:
Up, Up,
@+ 9)* + ||@ — o> = 2||a@]|* + 2||7]|*

The statement above is called the parallelogram law of vectors.

Hint: The point of part a)was to give you a feel for which quantities are involved in this statement. Your
proof should not use these values in particular. Instead, start with the left-hand side of the equation
and use the properties of the dot product introduced in Chapter 3.3.

Solution:
Since ||i@|> = @ - @, we can expand both ||@ + @]|? and @ — ¥]|? using the distributive
property of the dot product, as mentioned in the hint. Below, we color in ’

v - U'in blue, and « - ¥ in magenta.

|z + #)|? = (@ + ) - (@ + D)
= +U-U+U-U+V-U
= +U-U+2U- .

1@ — 3> = (@ - 0) - (& - )
= —U-T—U-U+0-7
= +U-0—2U-7.

Note that the + 2« - v from the first expansion and the — 2 - ¥ from the second cancel
when we add them. Thus,

lZ+ 3|+ |g—3)2= (G- d+T - 0+2@-7)
+ ( + 0021 7)
=24 -U0+27-7
= 2@l + 2|17/

d) (3 pts) Why is the equality from part c) called the parallelogram law? Let’s explore.

Suppose points A, B, C, and D in R" form a parallelogram: a polygon with four sides where
opposite sides are parallel and equal in length.


https://notes.eecs245.org/vectors/dot-product/#properties-of-the-dot-product

Using the results of the previous part of this problem, prove that the sum of the squares of the
side lengths of the parallelogram is equal to the sum of the squares of the diagonals. In other
words, prove that:

(AB)? + (BC)? + (CD)? + (DA)? = (AC)* + (BD)?
where AB represents the length of the segment from point A to point B, etc.

Hint: Define two vectors, @ and v, and explain why the result from the previous part of this problem
implies the desired equality. This is mostly an English problem.



Solution:
Let i be the vector along AB (purple arrow in the figure) and ¢ be the vector along BC
(green arrow).

|

—

A U
Opposite sides of a parallelogram are equal and parallel, so the remaining sides point as
CD=-4, DA=-4
Next, read each diagonal as a head—to—tail sum of side vectors.
AC—AB+BC=ii+%, BD=BC+CD=i—i.
Now translate side lengths into norms of the corresponding vectors.
(AB)=lldl, (BC)=|5l, (CD)=|—l=lal, (DA)=I-dl =l
Squaring and summing the four sides gives

(AB)* + (BC)* + (CD)* + (DA)? = [|@|® + |91 + |1 + 1712
= 2||@)? + 2||7]|2.

=
v

Do the same for the diagonals, using the vector expressions above.
(AC) = [la+ 7], (BD) = [|v =]
Squaring and adding the diagonals yields
2 2 S I
(AC)"+ (BD) = @ +o|* + [|a - 7|
By the parallelogram law proven in part (c),
i+ 2 + [ — 7|2 = 2lja)]® + 2|01

Combining with the side-length sum computed above,

(4B)® + (BC)® + (CD)* + (DA)* = (AC)* + (BD)?




Problem 3: Linear Combinations (9 pts)

As we saw in Chapter 3.1, a linear combination of vectors v, 0s,...,0; € R™ is a vector of the
form

a1t + ag¥s + - - - + agiy

where a1, as, ..., a4 are scalars.

Much of our study of linear algebra involves understanding the set of possible linear combina-
tions of a given set of vectors. As the notes detail, our multiple linear regression problem boils
down to finding the best possible linear combination of the features, so it’s important that we un-
derstand how linear combinations work.

2 -1 0 —6
Letv; = [3|,0a=| 2 |,03=|5|,andZ= | 1
0 -1 2 4

You can find an interactive, three-dimensional visualization of these four vectors at this link:

https://eecs245.org/resources/homeworks/hw03/hw03-problem-2.html

We recommend you have this visual open while you work through this problem.
a) (4 pts) Find constants q, b, and ¢ such that

ath + b0y +ciig =7

In other words, write Z as a linear combination of ¥}, ¥z, and ¥3.
Hint: Start by writing out the equation as a system of equations. Then, use your favorite method for
solving systems of equations to find a, b, and c. We reviewed how to solve systems of equations in Lab 3.


https://notes.eecs245.org/vectors/vectors-and-linear-combinations/#linear-combinations
https://eecs245.org/resources/homeworks/hw03/hw03-problem-2.html

Solution: a=-3,b6=0, c=2
We can express the equation above as a system of three equations in the three unknowns
a,b,c.
avy + by +cts =7
2 -1 0 —6
al3|+b| 2| 4+c|d]=|1
0 -1 4

Equating components gives the system

2a — b= —6 (1)
3a+2b+5c=1 2)
—b+2c=4 (3)
In (1), isolate b:
b=6+2a (4)

Substitute this expression for b into (3):
—(6+2a)+2c=4
2c =10+ 2a
c=5+a (5)
Now substitute (4) and (5) into (2):
3a+2(6+2a)+5(5+a)=1
3a+12+4a+25+5a =1

12a +37=1
12a = —36
a=-3 (6)

Back-substitute to get b and c:
b=6+2(-3)=0
=0k (=) =2

So: to verify that these values are correct, compute the linear combination:

2 -1 0
ath +bUs +ctis=(-3) |3 +0| 2 | +2 |5
0 -1 2
[—6] 0 0
= -9+ (0] + {10
| 0 | 0 4
6]
L 4 -

a=-3,b=0,c=2




b) (2 pts) Try and find constants d and e such that

dih + et =2

If you are able to find constants d and e, explain why, even though there are two unknowns but
three equations for them. If you are unable to find constants d and e, explain why no solution
exists.

Solution: d= -3, e=2

This is a system of three equations and two unknowns, since there are only two vectors
in the linear combination. We'll start by solving it the same way we did in part (a).

dvl +ev3 =7
2 0 —6
d{3| +el|d| =11
0 2
Equating components gives
2d = —6 (1)
3d+5e=1 ()
2¢ =4 (3)

We can solve directly from (1) and (3):

d= -3 (4)

Now check equation (2) with these values:
3(=3)+5(2) = -9+10=1

so (2) holds as well. Notice we did not need (2) to find d and e; it served as a consistency
check, which it passes, so a solution exists.

You could also have seen this without re-solving: in part (a), the coefficient on o> was
b = 0. Since ¥, does not appear in the combination here, the same coefficients on 7, and
U3 work, namely d =a = —3and e = c = 2.

‘d:—3,€:2‘

Geometrically, 7 lies in the plane spanned by ¢} and v (the set span{vy, ¢3}), so we did
not need > to reach 7. (See next page)




-1

Visual note: In the view above, the arrows for 7}, i3, and Z look almost colinear only
because of the camera angle. What matters is that they are coplanar: ¥ € span{uv;, v3}.

The arrow for ¥ is not in that plane, which is why we did not need it in the combination.
To see this clearly, open the interactive viewer and rotate the scene:

https://eecs245.org/resources/homeworks/hw03/hw03-problem-2.html

¢) (3 pts) Try and find constants p and ¢ such that

pUL + qUs = T

If you are able to find constants p and ¢, explain why, even though there are two unknowns but

three equations for them. If you are unable to find constants p and ¢, explain why no solution
exists.



https://eecs245.org/resources/homeworks/hw03/hw03-problem-2.html

Solution: No solution.

This is a system of three equations in two unknowns, because the linear combination uses
only two vectors. We'll attempt to solve it the same way as in part (a).

pUL + qs = T

2 =1 —6
pl3|+qg| 2| =11
0 —1 4

Equating components gives the system

2p—q=—6 (1)
3p+2¢=1 ()
—q=4 (3)

From (3) we get ¢ = —4. Use (1) with ¢ = —4:

2p—(—4) = -6
2p+4=—6
2p = —10
p=-5

Now check (2) withp = —5, ¢ = —4:
3(=5) +2(—4) = —15-8=—23 £ 1

Since (2) is violated, the system is inconsistent and there are no constants p, ¢ satisfying
all three equations.

10




~1

-2

-2

Why this also makes sense visually. From the 3D visualization, Z lies in the plane gener-
ated by linear combinations of @ and @i (span{%, 7i3}). Trying to use only ¥, and @, keeps
you in the different plane span{#, 2}, which does not contain #. Hence no solution with

pﬁl + q772 = Z.

11




Problem 4: Correlation (7 pts)

In Chapter 2.4, you were told that the correlation coefficient, r, ranges between —1 and 1, where
—1 implies a perfect negative linear association and 1 implies a perfect positive linear association.

However, you were never given a proof of the fact that —1 <r < 1.

Here, you will prove this fact, given your newfound understanding of vectors, the dot product,

and angles.

a) (2 pts) Let # and ¢ be two vectors in R”. We define the “mean-centered” version of Z to be:

1 —X

To — T
C:

Ty — X

1 n
wherez = — g x; is the mean of the components of Z. The mean-centered version of i, named
n
i=1
Yc, is defined similarly.

Express Z. - 9. using summation notation.

Solution:

Tl —T Y1 —y
L Ty — Y2 —y
Lc * Yec =

Tp —X Yn — Y

=@ D)y -9+ (@2 - D) (g2 =)+ + (@0 — T)(yn — )

=3 (@i - )i — 9)
=il

b) (3 pts) Prove that:

Te* Ye

r=———
|1 ] el

Do so by starting with the right-hand side of the equation, expanding it, and simplifying it until

you reach the definition of r.

12


https://notes.eecs245.org/simple-linear-regression/correlation/

Solution:
From part (a), the dot product of the mean—centered vectors is

and the norms are

Start from the right-hand side and substitute these definitions:

e - Yo 2 iz (T = T)(yi — )

IZell 17l /37 (i — 2)% /i, (v — 9)?

Now rewrite each square root as \/n times the square root of the average (this is just

V2 = V/n/average):

_ Yo (i — )y — )
(Vi T (@ = 2)2) (VAL o - 9)?)

Let

so each denominator factor is y/n o, and \/n o,. This gives

_ 2@ =)y —9)

N0y oy

Finally, pull out the 1/n and group terms to match the correlation definition (average of
standardized products):

- o n _ _

L - Ye 1 <$z_$> <yl_y>
TT=nn=1n _ = I
[ Zel[ |7l m 2 Oz oy

o) (2 pts) In 1-2 English sentences, explain why the result from part b) implies that —1 < r < 1.

Solution:

The result from part b) implies that —1 < r < 1because the right-hand side of the equation
is the cosine of the angle between the mean-centered vectors, and the cosine of an angle
is bounded between —1 and 1.

13



Problem 5: Projections (15 pts)

In Chapter 3.4, we study the concept of projecting one vector onto one or more other vectors. In
this problem, you’ll see how this concept can be thought of in terms of our friend from the first
two weeks of the course: calculus.

Let Z and ¢ be two vectors in R"™. Consider the function f : R — R, defined as:
f(k) = |I7 - k]

By R — R, we mean that f takes in a single real number (i.e. a scalar, not a vector) and outputs a
single real number. This means that we can find %, the derivative of f with respect to k.

Note that k7 is a vector that points in the same direction (or the opposite direction) as Z.

a) (4 pts) Rewrite f(k) using the properties of the dot product from Chapter 3.3. Then, show that:

df

= _op. i+ o%kT- T

ax T-y+2ki-o
Solution:
Start by rewriting the squared norm as a dot product and expanding. We color the dot-
product pieces to track them: (orange), 77 (blue), and 7/ (magenta).

73) = k(@9) + K (#3)
(

- X) since -y = ¢-T).

Now differentiate term-by—term with respect to k (the dot products are constants with
respect to k):

df = = = 2
df - L
T —2Z-§ + 2k(%-2)

b) (2 pts) Find k*, the value of k that minimizes f(k). A second derivative test is not necessary.

14


https://notes.eecs245.org/vectors/projecting-onto-a-single-vector/
https://notes.eecs245.org/vectors/dot-product/#dot-product-and-the-vector-norm

Solution: 4
From part a), we know that —]j; = —27-y+ 2k (Z-Z). Let’s set this derivative to 0 and solve

for k.

27§+ 2k (£F) = 0
2

2k (2-%) =229
p=2
zT
0
. 0
This gives the minimizer when Z-# > 0. If Z-Z = 0, the only possibilityis# =0 = | . |.
0

In that case,
f(k) = 11§ — kOII* = |11

which does not depend on k. Thus every value of k yields the same objective value, and

any k£ minimizes f.

o) (3 pts) Show that the vectors k*# and ¢ — k*Z are orthogonal.

Solution: o
- R
From part b), k* = % when Z # 0. To check whether two vectors are orthogonal, we

Xr-T
compute their dot product; they are orthogonal if and only if the dot product equals 0.

(k) (- K'8) = (k') -§ — (k') - (kF)

Z-T
_ @9 @9
r-T -
=0

Since the dot product is 0, the vectors k*Z and i — k*& are orthogonal.

d) (4 pts) Now, let’s study a seemingly unrelated problem. Suppose we're given a dataset
(x1,11), (T2,92), - - -, (n, yn) and we’d like to find the optimal model parameter, w, for a simple

15



linear model with no intercept term,
h(z;) = wx;

Find the value of w that minimizes the average loss (i.e. empirical risk) when using squared
loss. A second derivative test is not necessary. (To be clear, the solution to this problem does

not involve linear algebra.)

Solution: First, let’s start by writing down an expression for mean squared error, Rsq(w).

=1

dR
Now, let’s find qu. Differentiate term by term; for each i,
w

d
e wa;)? = 2(y; — was) (—2;)
Then,

n

drR 1
dw - ; 2(yi — wxi)(—xi)

R D =
= e+ qwd g
i=1 i=1

dR
Next, we'll set *1 — (0 and solve for the corresponding value of w, called w*.

dw
n n
—inyi + w*fo =0
=il i=1
n n
IR
i=1 i=1
i = Z?:l LiYi
PIRE
wr Z?:l ZiYi
= A
Dic1 T
z1 Y1
. T2, . . Y2 .
e) (2 pts)Suppose £ = | . | is a vector of all the z; values in the datasetand § = | ", | is a vector
Tn Yn

16



of all the y; values in the dataset.

Then, notice that w* (the optimal slope) from part d) is the same formula as k* (the optimal
stretching factor) from part b)! This is not a coincidence: the problem in part d) is equivalent
to the problem stated at the start of this question, it’s just stated differently! This may be a bit
confusing, since:

* The problem at the start involves two vectors, Z and ¢, which live in R”, and n may be
very large (could be 100-dimensional space!).

e The problem in part d) involves a dataset of n points, (z1,y1), (x2,y2), ..., (Zn, yn), but the
points themselves along with the line h(z;) = wz; are drawn in R

In the vector view, we're finding the best scalar multiple of a vector in R to make it as close as
possible to another vector in R". In the regression view, we're fitting a line (through the origin)
to points in R2.

Let’s make the connection between the two viewpoints more explicit. In part d), once we pick
a value of w, the predictions for each z; are of the form wz;. A vector of predictions, j, might
look like:

h(z1) w1 T
h(z2) wWLoy To
h(zxy) WLy, Ty

Given this, in 1-2 English sentences, explain why finding the w that minimizes
1 n
Ryq(w) = — E (yi — wa;)” is equivalent to finding the scalar k that minimizes
n
i=1

(k) = |7 — kZ|*.

Solution: Minimizing

is equivalent to minimizing
17 — wa||?

because the vector of residuals has components y; — wz;, and squaring and summing
those components is exactly the squared Euclidean norm of § — wZ. Thus, choosing the
best slope w in the regression problem is the same as choosing the best scalar k that makes
kZ as close as possible to y.

17



Problem 6: Norms (12 pts)

In the last section of Chapter 3.2, we introduced the concept of vector norms other than the “de-
fault” Euclidean norm. Each of those norms describes a different way of measuring the length of
a vector — just like how different loss functions described different ways of measuring the error
of a prediction.

a) (2 pts) In this part only, let ¥ = . Compute ||7||2, ||¥]]1, and ||7]|c-

0
2

Solution:

|5l =32+ (—6)2+02+22=1/9+36+0+4=+49=7,
|5]lx =3[+ |—6/+ 0]+ ]2 =3+6+0+2=11,
||17||OO = max{ |3|7 | - 6|7 |0|7 |2| } = max{3a6a072} = 6.

b) (3 pts) In Problem 1, we introduced the parallelogram law, which states that

1% + &1 + |7 - o1|* = 2]|@]* + 2/|7]

In general, the parallelogram law only holds for the Ly norm, not necessarily other norms.

Find a counterexample involving two vectors @ and @ such that the parallelogram law does not
hold for the L; norm.

18
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Solution:
We want to check whether the parallelogram law holds for the L; norm

= . = - o2 ? = =
1% + 9113 + @ — a1l = 2ll@7 + 2]151IF

Choose
. N _ o
i=|, V=1
Left-hand side
! = = _ S o2 o2
it+v= ||, lle+dh=[1+1=2 [a+di=2"=4
L 1 L L
a-o= L] Na-dh=n+-u=2 ja- -2 -4
@+ 73+ |G — 3]} =4+4=38
Right-hand side

alh = [1]+10] =1, [[g]1 =10+ (1] =1
@i+ 273 =2-12+2-1>=2+2=4

Since 8 # 4, the parallelogram law does not hold for the L; norm with this choice of @,

o) (3 pts) Prove that

[19]l2 < v/nll#llo

Hint: Start by writing out the definition of the Lo norm, and then square it to remove the square root.
You will have a sum of n terms. Explain why each of those n terms is less than or equal to ||¥||%,. This
is most of the way to the proof, but there’s still some work you'll need to do after you get to that point.

19



Solution: Start from the definition of the L, norm
n
112 2
19112 = Z Y;
i=1
For each index 4, by the definition of the Lo, norm we have |v;| < ||7]|«

v? < ||7]|%, foreach i

Sum these inequalities overi =1,...,n
n n
2 —112 —112
ool <l = nllol%
i=1 i=1
Thus

1713 < n |93,

Both sides are nonnegative, so taking square roots preserves the inequality

15]l2 < v/ [|0]]oo

d) (4 pts) Prove that

172 < (1911

Hint: Start with the fact that
S 2
19117 = (Jor| + [v2] + -+ + [va])

20



Solution:
As the hint implies, let’s start by expanding the definition of ||7]|?. We write the L1 norm
as one square to avoid carrying a square root

- 2
1913 = (lv1] + Jva] + -+~ + [va])

For intuition, recall the perspective from part (c): by definition, the L, norm is the largest
absolute value among the components, so ||U]|« > |v;| for every i, and this remains true
after squaring because both sides are nonnegative. Here, we will instead use the hint and
expand the L; square into “square” terms and “cross” terms

1713 = [0 + o2l + - + oal? + 2(lvalloa] + Jvtlvs] + - - - + [vn—1]lvnl)

squares cross terms

Each cross term |v;||v;| is nonnegative, so the cross—term sum shown above is > 0

1713 = foul® + Jval* + - + [va]?

The right-hand side is exactly the square of the Ly norm

o1 + -+ Juaf? = 1313

Therefore

171 > |93

Both sides are nonnegative, so taking square roots preserves the inequality

[17ll2 < [|9]ly
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Problem 7: Neighbors (10 pts)

This problem involves writing code and submitting it to the Gradescope autograder.

There are two ways to access the supplemental Jupyter Notebook:

* Option 1 (preferred): Set up a Jupyter Notebook environment locally, use git to clone our
course repository, and open homeworks/hw03/hw03.ipynb. For instructions on how to do
this, see the Environment Setup page of the course website.

e Option 2: Click here to open hw03. ipynb on DataHub. Before doing so, read the instructions
on the Environment Setup page on how to use the DataHub.

To receive credit for the programming portion of the homework, you’ll need to submit your com-
pleted notebook to the autograder on Gradescope. Your submission time for Homework 3 is the
latter of your PDF and code submission times.

Problem 8: Feedback (6 pts)

We'd like to get your feedback on how the course has been going so far, now that we're a few weeks
in.

You can find the survey at this link. It is not anonymous, but it links to an anonymous feedback
form if you’'d like to provide some feedback anonymously.

Thank you for your feedback — it’s helping shape our brand-new course.
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https://eecs245.org/env-setup
https://datahub.eecs245.org/hub/user-redirect/git-pull?repo=https://github.com/eecs245/sp26-code&urlpath=tree/sp26-code/homeworks/hw03/hw03.ipynb&branch=main
https://eecs245.org/env-setup/#option-2-using-the-eecs-245-datahub
https://docs.google.com/forms/d/e/1FAIpQLScjtXiAZMekz3ezBMt6Eshjxfze-QMcZM7hCQu_h-oLXv1xfg/viewform?usp=publish-editor

