Homework 7: Projections; Regression using Linear Algebra Solutions
EECS 245, Spring 2026 at the University of Michigan
due Thursday, June 4th, 2026 at 11:59PM Ann Arbor Time

Write your solutions to the following problems either by writing them on a piece of paper
or on a tablet and scanning your answers as a PDE. Note that you are not allowed to use
LaTeX, Google Docs, or any other digital document creation software to type your answers.
Homeworks are due to Gradescope by 11:59PM on the due date. See the syllabus for details
on the slip day policy.

Homework will be evaluated not only on the correctness of your answers, but on your abil-
ity to present your ideas clearly and logically. You should always explain and justify your
conclusions, using sound reasoning. Your goal should be to convince the reader of your
assertions. If a question does not require explanation, it will be explicitly stated.

Before proceeding, make sure you're familiar with the collaboration policy.

Total Points: 10+ 6+ 18 +27 + 13+ 8 + 14 =96

Problem 1: Homework 6 Solutions Review (10 pts)

Review the solutions to Homework 6. Pick two problem parts (for example, Problem 2a and
Problem 5b) from Homework 6 in which your solutions have the most room for improvement, i.e.,
where they have unsound reasoning, could be significantly more efficient or clearer, etc. Include
a screenshot of your solution to each problem part, and in a few sentences, explain what was
deficient and how it could be fixed.

Alternatively, if you think one of your solutions is significantly better than the posted one, copy
it here and explain why you think it is better. If you didn’t do Homework 6, choose two problem
parts from it that look challenging to you, and in a few sentences, explain the key ideas behind
their solutions in your own words.

Solution:

Problem 2: Anonymous Feedback (6 pts)

We'd like to get your feedback on how the course has been going so far, now that we’re past the
halfway point and Midterm 2 is fast approaching.

You can find the survey at this link, which you should complete after you’ve finished the rest
of Homework 7. Unlike the Homework 3 survey, it is anonymous, so feel free to provide candid
feedback.

In order to earn the 6 points for Homework 7, Problem 2, include a screenshot of the confirmation
message you see after submitting the form. (We consider it an honor code violation to include a
screenshot if you didn’t actually submit the form!)


https://eecs245.org/syllabus/#homeworks
https://eecs245.org/syllabus/#homeworks
https://eecs245.org/resources/homeworks/hw06/
https://docs.google.com/forms/d/e/1FAIpQLSctsQYk1gGq87DsRU1gwB8eFG4V6vSnb3qBjYaFypRg4qWlZQ/viewform?usp=publish-editor

Thank you for your feedback once again!



Problem 3: The Complete Solution (18 pts)
Before beginning this problem, make sure you've read both Chapter 6.3 and Chapter 6.4.

a) (4 pts) Consider the matrix A and vector b defined below.
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Find the vector 7* that minimizes ||b — AZ||2. Show your work, but feel free to use numpy to
compute some of the matrix operations; here is a video that walks through how to do this.

(We're intentionally using different variables here than in the notes to have you think about the
problem in general terms.)


https://notes.eecs245.org/linear-transformations-and-projections/projecting-onto-column-space/
https://notes.eecs245.org/linear-transformations-and-projections/complete-solution/
https://youtu.be/HZtoekU9NcE?si=X6O8fJ19OdPIgpwq

Solution: Given
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and 7 € R2, we want the vector #* that makes the squared error ||b — AZ||? as small as
possible.

Because A has two linearly independent columns, its columns form a 2D subspace of R?,
and there is a unique least-squares solution. The standard way to get itis to use the normal
equations

AT Az = ATh

First let’s find A7 A:
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Now we'll find the right-hand side ATb:

N o N
I
|
vy ©
| I

So the normal equation becomes
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To solve, we invert AT A. The determinantis 6 - 4 — (—2)(—2) = 20, so
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Geometrically, AZ* is the projection of b onto the column space of A, and #* are the coor-
dinates of that projection in the basis given by the two columns of A.




For the remainder of the problem, we will use the same vector b, but instead use the following
matrix A.

1 0 1 -4 4
0 2 1 -5 3
A= 2 6 -1 7 -1
1 -4 -1 6 =2

Note that this new matrix A has a rank of 2.

b) (2 pts) Now, find one vector Z* that minimizes ||l; — AZ|)? for this new matrix A. Again, show
your work. If you've read Chapter 6.4 closely, this should not require much calculation.

Solution: Since A has rank 2 but 5 columns, the normal equation
ATAz = ATb

do not have a unique solution, and there are infinitely many vectors #* that minimize
b — Az,

To find one such vector, we can keep only two linearly independent columns of A —
here, we use columns 3 and 1, in that order — since removing dependent columns does
not change colsp(A).
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This matrix has the same two columns as in part a), but in the opposite order, so the
least-squares coefficients are also swapped relative to part a). Therefore,

3
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To extend back to the full 5-dimensional #, we place these coefficients in entries 3 and 1,
respectively, and set the others to 0:

%
O O vim O Klw

This #* satisfies the normal equation AT A7 = ATb and therefore minimizes ||b — AZ]|%.



https://notes.eecs245.org/linear-transformations-and-projections/complete-solution/

o) (4 pts) Find a basis for nullsp(A). Hint: Try and do so efficiently, since this is the type of problem
we’ll see on Midterm 2.



Solution: To find a basis for nullsp(A), we look for all vectors Z that satisfy

1 0 1 -4 4
0 2 1 -5 3
2 6 -1 7 -1
1 4 -1 6 =2

Since rank(A4) = 2 and A has 5 columns, the rank-nullity theorem says
dim(nullsp(4)) =5—-2=3

So, a basis for nullsp(A) will have 3 vectors. The easy way to find those three vectors is
to determine how to write A’s linearly dependent columns as linear combinations of its
linearly independent columns. Columns 1 and 3 are linearly independent (they are the
same two columns as in part a)). By inspection — that is, by guessing and checking — we
can find that:

e column 2 = —2(column 1) + 2(column 3), so
—2
—1
Al2]|=0
0
0

¢ column 4 = 1(column 1) — 5(column 3), so

1
0
A|3|=0
0
—1
So, a basis for nullsp(A) is given by
—2 1 1
—1 0 0
21,1-5],1]3
0 —1 0
0 0 —1




Any linear combination of these vectors, when multiplied by A4, will result in the zero
vector.

This also means that

=2 1 1
=1 0 0
nullsp(A) = span 2 1,(-5],|3
0 —1 0
0 0 -1

d) (2 pts) Show that if i’ satisfies the normal equation, AT A7 = ATh, and %y € nullsp(A), then
T’ + Iy also satisfies the normal equation. Hint: This is two-line solution; we’re mostly asking it so
that you interalize what this means and why it's true.

Solution: If 7’ satisfies the normal equation, then
ATAZ = AT
By the definition of the null space, if #, € nullsp(A), then AZ, = 0. Then:
ATA(Z + &) = AT(AZ + AZy) = ATAT + AT0 = ATAZ + 0= A"b.

Thus, 2+ also satisfies the normal equation. This means adding any vector in nullsp(A)
to a solution #’ of the normal equation gives another valid solution.

e) (3 pts) Describe, using set notation, the complete set of vectors #* that minimize HE — AZ||%. Is
this set a subspace?

Solution: The complete set of vectors that minimize ||b — AZ|? is all vectors that result
from starting with a particular solution #’ and adding any vector in the null space of A.

| { & + 0 | & € nullsp(4) } |

This set is not a subspace, because it does not necessarily pass through the origin (for
instance, 7* itself may not be 0).

f) (3 pts) There are infinitely many vectors &* that minimize ||b — AZ||. If we try and use code to
find a solution, it can’t return all of them — it'll pick a particular one.
In Python, use np.linalg.1lstsq to find a vector #* that minimizes ||b— AZ||2. Include a screen-
shot of your code and the vector Z* it returns, and in your PDE write out the coefficients of Z*

as a vector (in addition to the screenshot). Then, provide an educated guess of why you think
it picked the #* that it did.



Solution:
When fitting a linear model, the goal of np.1linalg.1stsq is to find a weight vector @*
that minimizes

Ib — Aw|?

If AT A is invertible (that is, if the columns of A are linearly independent), there is exactly

one solution:
w* = (ATA)~1ATD

However, if A does not have full rank, then AT A cannot be inverted, and there are
infinitely many « that give the same minimum error.

In this case, np.linalg.lstsquses the singular value decomposition (SVD) of A to find a
stable and well-defined w*. Without getting into the details, know that among all possible
minimizers, this particular «* also has the smallest possible length ||7||. In other words,
it fits the data as well as possible while keeping the parameter vector as small as possible.
It is called the “min-norm” solution.

Problem 4: Orthogonalization (27 pts)

Before starting, refer to Chapter 6.5, written just for this problem. It won't be possible to do this
problem without referencing it.
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In parts a) through d), we'll refer to the vectors v =
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~
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a) (6 pts) By hand, apply the Gram-Schmidt process to the vectors 7, 02, 3 to find an orthonormal
set of vectors ¢i, g2, g3. Show your work; you cannot use numpy for this.

Then, create the matrix Q = |1 @& ¢3| and confirm that Q7 Q = I, but that QQT # I.


https://notes.eecs245.org/linear-transformations-and-projections/gram-schmidt-process/

Solution:

1
. = . 1
e Jteration 1: Set )1 = v} = ol
0
0 1 —1/2
A . L R Y2
¢ Iteration 2: Set Q2 = U — projg (U2) = U2 — Qi‘@llQl =11l 2ol = | 1
0 0 0
e Iteration 3: Set Q3 = 73 — proj, (v3) — projg, (v3):
Q3 = ¥ — projg, (B3) — projg, ()
o ) )
0 U3-Q1 = U3-Q2 =
=1 - Qle—} QfQ2
Q1- Q1 Q2 Q2
1
ST U3-Q1=0
o )
0 Uz - Q2 =
= - =@
L Q2 Qs
—1—
0] [-1/2
ol | 1/2
0 1 1 -1/2
o] I 0 1/2
|1 -1/2] [-1/2 1
1 1/2 1/2 0
1 1
0 0
0 —1/2 1/3
o] 22| |-1/3
"1l T3] 1 | T |13
1 0 1
So,
1 -1/2 1/3
= |1 = 1/2 = |-1/3
Ql ~ ol QZ - 1 ) QS = 1/3
0 0 1
Finally, we need to normalize the vectors to have length 1. Doing so gives
e NG A/
IGul | O 1Gall | 2/V6 1Qsll | V3/6
0 0 V3/2




1/3

! b -1/3 : : . .
(Tip: Instead of converting Q3 = 1 /é to a unit vector, it’s easier to instead convert
1
1
-1 . e . = . .
e which points in the same direction as ()3, to a unit vector. The result will be the
3

same in both cases, but by multiplying through by 3 you get to avoid messier fractions.)
VZ 16 V36
Finally, we need to construct () = 1/ [;/i ;;ﬁ _\/\/;;{36 . Indeed, QT = I because
0 0 V3/2
all pairs of columns are orthogonal and have length 1. However, QQT +# I because, for
instance, row 3 and row 4 are not orthogonal, so (QQT)34 = 3/12 = 1/4 # 0.

b) (3 pts) Suppose vy = . If you were to apply the Gram-Schmidt process to the vectors

W W NN

1, U2, U3, U4, what would the vector Q4 be? Why?

Solution: Note that 74 = +3 = 29 + 3u3, meaning {¥, U2, U3, U4 } are

W W NN
OO R
_= = O O

linearly dependent.

In the previous part, we already applied Gram-Schmidt to the vectors ¢, ¥, U3, giving us
the orthonormal vectors ¢, ¢2, ¢5. If we were to continue the Gram-Schmidt process for a
fourth iteration, we’d have

Q4 = T — projg, (81) — proj, (1) — projg, (%)

1/v2 -1/v6 3/6

Gram-Schmidt already gave us @ = 1/ 8@ ;?ﬁ \/\?}{f , which has a column

0 0 V3/2

space that is equal to the span of v}, U2, Us.

o) (4 pts) Consider § = . yis in span({t1, ¥, U3 }) = span({q1, ¢2, G3})-

=N = W

Find scalars a, b, and ¢ such that aqi + bg> + cgs = ¥, without solving a system of 3 equations

11



and 3 unknowns. Instead, use the fact that qi, ¢, 3 are orthonormal. Hint: There’s a relevant

problem from Lab 5.
The main idea here is that to write ¥ as a linear combination of ¢}, ¢>, and g3,

Solution:
we can project i onto each of these vectors individually and then use the corresponding

coefficients to write 7 as a linear combination of all three.
Remember, proj. (§) = %q}, but since each ¢; is a unit vector, we have proj. () = (¥ -
4i)G- So,

¥ = proj (¥) + proj, () + projz (¥)

=W a)a+ @ @)@+ - 3)ds=ad + b3+ o
S—— S—— S——

a b c
If this idea seems like it's coming out of nowhere, review the relevant projection activity

from Lab 4.
So,

S
I
<y
<
(3]
\
O — W O — o e o — W

3

1/V2| _ _
0 _4/\/5_

. O
" 1/+/6]

1/v6 | _

216 —=(2/v6
L 0 |
- /3/6 1
~V/3/6 =(8v/3/3

V3/6
L V3/2 ]

Notice that Q77 is a vector containing a, b, and c, since Q”'j contains the dot product

of each of Q”’s rows (which are Q’s columns) with 7.

Let’s test out our logic in Python.

12



In [1]: import numpy as np

Q = np.array([
[1/np.sqrt(2), -1/np.sqrt(6), np.sqrt(3)/61,
[1/np.sqrt(2), 1/np.sqrt(6), -np.sqrt(3)/6],

[0 , 2/np.sqrt(6), np.sqrt(3)/61,
[0 , 0 , np.sqrt(3)/211)
In [3]: Q.T @ np.array([3, -1, -2, -2])

Out[3]: array([ 1.41421356, -3.26598632, -1.15470054])

In [4]: # a — same as first component above
np.sqrt(2)

Out[4]: 1.4142135623730951

In [5]: # b — same as second component above
-8/np.sqrt(6)

Out[5]: -3.2659863237109046

In [6]: # c — same as third component above
-2 * np.sqrt(3)/3

Out[6]: -1.1547005383792515

d) (4 pts) Consider § = . Unlike in ¢), ¥ is not in span ({7}, U2, Ui3}).

W N =

IS

Find the vector in span({71, 2, U3}) that is closest to . Do not stack the #;’s into a matrix X
and then use X (X7 X)~! X7y Instead, use the fact that §i, ¢3, ¢3 are orthonormal and have the
same span as U1, U2, U3. How does this simplify the problem?

13



Solution: Recall, the projection of § onto span({qi, ¢2, 3 }) is given by

F=QQ'Q)"'Q"y
—_———

P

Since QT'Q) = I, we have that

7= QQ"y
If Q’s rows were orthonormal, then QQ7 = I, but that’s not the case here. Instead, 7 =
QQTY.
3/4 1/4 —1/4 1/4
Q0T = 1/4 3/4 1/4 -1/4
~|-1/4 1/4 3/4 1/4
1/4 -1/4 1/4 3/4

B

3/4  1/4 —1/4 1/47[1 3/2
oo |14 34 1/4 —1/4| |2]  [3/2
= P=QRQ=1 1y 1 34 14| (3] T |72
1/4 —1/4 1/4 3/4] |4 7/2
3/2
: Lo : L. | 13/2
So, the vector in span({¥1, U2, U3 }) that is closest to ¢/ is 7/2
7/2

e) (5 pts) Open the the supplemental Jupyter Notebook we've created for Homework 7, which
can either be found here in the course GitHub repository, or here on DataHub.

There, you're asked to implement the function orthogonalize, which takes in an n x d matrix V
whose columns are linearly independent, and returns a matrix ) whose columns are orthonor-
mal and have the same span as V. This problem is not autograded. Rather, in your submission
to this part, include a screenshot of your implementation and sample output in your PDF for
Homework 7.

14


https://github.com/eecs245/sp26-code/blob/main/homeworks/hw07/hw07.ipynb
https://datahub.eecs245.org/hub/user-redirect/git-pull?repo=https%3A%2F%2Fgithub.com%2Feecs245%2Fsp26-code&urlpath=tree%2Fsp26-code%2Fhomeworks%2Fhw07%2Fhw07.ipynb&branch=main

Solution:

In [82]: 1 # BEGIN SOLUTION NO PROMPT
2 def project(y, x):
3 i
4 Assumes y and x are column vectors.
5 Returns the projection of y onto x.
6 This is a vector in the direction of x.
7 i
8 return x * np.dot(y, x) / np.dot(x, x)
9 # END SOLUTION
10 def hogonalize(V):
11
12 Runs the Gram-Schmidt process on the columns of V.
13 The shape of Q should be the same as the shape of V.
14 ume V has at least 1 column and 1 row.
15
16 V = V.copy() # Ensures that you don't make any modifications to the underlying array.
17 # BEGIN SOLUTION
18 Q = np.zeros_like(V)
19
20 for j in range(V.shape[1]):
21 v_j = VI:, jl
22 Qj =v_j
23 for i in range(j):
24 Q_j -= project(v_j, Ql:, il)
25 Ql:, j1 = Q_j / np.linalg.norm(Q_j)
26 return

't Q
7 # END SOLUTION

29 # Feel free to test out your implementation below.

30 # Recent versions of numpy will error if you try and perform operations involving

31 # an array of ints and an array of floats, which is why we've initialized the array with floats.
32 orthogonalize(np.array([[4.0, 1.0],

33 [3.0, 5.011))

Out[82]: array([[ 0.8, -0.6],
[ 0.6, 0.8]1])

In [83]: 1 # DO NOT CHANGE THIS CELL;

2 # include a screenshot of the output of this cell in your submitted PDF.

3 V_test_1 = np.array([[1.0, 1.0, 1.0],

4 [-1.0, 0.0, 1.0],

5 [1.0, 1.0, 2.01])

6 Q_test_1 = orthogonalize(V_test_1)

7 Q_test_1

0ut[83]: array([[ 5.77350269e-01, 4.08248290e-01, -7.07106781e-01],
[-5.77350269e-01, 8.16496581e-01, -3.14018492e-16],
[5.7

7350269e-01, 4.08248290e-01, 7.07106781le-01]])

In [84]: 1 # DO NOT CHANGE THIS CELL;

2 # include a screenshot of the output of this cell in your submitted PDF.

3 V_test_2 = np.array([[3, 5, 4, o],

4 1, e, 9, -11,

5 [5, 1, 3, 2],

6 [0, 8, o, 8],

7 [3, 2, -1.5, 4],
8 [o, o, 0, 111)
9 Q_test_2 = orthogonalize(V_test_2)

10 Q_test_2

Out[84]: array([[ 0.45226702, 0.36393511, 0.19396785, -0.76063409],
[ 0.15075567, -0.06663601, 0.89611774, 0.31406129],
[ 0.75377836, -0.22041141, -0.05888979, 0.21816459],
[o. , 0.90214901, -0.01523765, 0.3750409 1,
[ 0.45226702, 0.02562923, -0.39452412, 0.29233934],
[ o. ;0. ;0. , 0.2215570811)
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f) (5 pts) A QR decomposition of a matrix A is a factorization of the form

A=QR

where Q is an n x d matrix with orthonormal columns and R is an d x d upper triangular matrix
(a matrix that has 0s below the diagonal).

1 11
-1 0 1} , 2 QR decomposition of A is
1 1 2

For example, if A =

~1/v3 2/V/6 0 0 6/3 5V6/6
1/vV3 1/V/6 1/V2 0 0 1/v2

Q R

Finding the @ in a QR decomposition is straightforward: apply Gram-Schmidt to the columns
of A, assuming A’s columns are linearly independent. The question is how to find R.

[1 1 1] {1/\/§ 1//6 1/\/§] {\/5 2v/3/3 2\/§/3]
A= 0 1| =
1 2

(i) Inthe supplemental Jupyter Notebook, we've defined an arbitrary matrix A and call your
orthogonalize function on it, and give you hints as to how to find R. Using the experi-
mentation there, and what you know about @, explain how to find R.

1 00
(ii) Find a QR decomposition of A = (1) i 1 Note that the columns of A are made up of
0 0 1

the same three vectors you worked with in parts a) through d) of this problem.

(iii) Givena QR decomposition of A, explain how to find another QR decomposition of A with
a (slightly) different ) and/or R.

16



Solution:

(i) The big idea is that if Q) is a matrix with orthonormal columns, then Q7@ = I. So,
if we're trying to find an R such that A = QR, then multiplying both sides by QT
on the left gives us

A=QR = QTA=Q"QR — Q"4A=R

meaning that R = QT A.

All that's left to explain is why R is upper triangular. The product Q7 A contains
the dot products of the rows of QT with the columns of A. But, the rows of Q7 are
the columns of @, so R = Q' A contains the dot products of columns of @ with
columns of A. Specifically,

Rij; = qi-vj

where g; is the i-th column of @) and ¥ is the j-th column of A.

Remember, we constructed each g; to be orthogonal to all previously constructed
¢;’s for j < i. Put in English, ¢ is orthogonal to gi, ¢5 is orthogonal to ¢i and ¢,
and so on.

Each ¢; was found by taking ¢; and subtracting off a linear combination of
di—1,Gi—2, - - -, 1. (More precisely, we built the (/s this way and then normalized
them to get the g;’s, but the directions of the Qs are the same as the directions of the
gi’s, so this reasoning still holds.) As an example, consider how we would construct
¢y if we were to apply Gram-Schmidt to the vectors vy, s, U3, ¥y:

Uy — projz (Ua) — projg, (vs) — projg, (ta)
s L UG, Us-Gp, Va3
g4 =04 — oS — = =92 — =43
q1 - q1 q2 - q2 g3 - g3
Gy = Uy — aqi — bgr — c@i
= aq1 +b@ +cqz + gy = Uy

@

But, since all the §;’s are orthogonal to each other, if we were to take the dot product
of both sides of the equation with g, or gg, or any other g; for i > 4, we would get 0.

This illustrates that ; - ¥; = 0 when ¢ > j. But, a matrix with 0’s where i > j is a
matrix with 0’s everywhere below the diagonal of i = j, which is precisely an upper
triangular matrix.

17




o o o -

0 -
0 0 -
—_———
in all the 0’s, the row index (i) is greater than the column index (j)
So, since g; - U; = Owhen i > j, R = QT A — which is made up of these dot products
— is upper triangular.

1 0 0
(ii) We have already found the @ in a QR decomposition of A = (1) 1 (1] : these are
0 01
the vectors we found in part a) of the problem.
1/v2 -1/v6  V3/6
oo [v2 Ve s
I ) 2/V/6  \/3/6
0 0 V3/2
Then, R = QT A is
1 0 0
1/v2 1/V2 0 0 I V2 1/vV2 0
R=QTA=|-1/v6 1/vV6 2/vV/6 0 a1 1 =0 3/V6 2/V6
V3/6  —/3/6 /3/6 3\3/6 00 1 0 0 2v3/3

QT

(iii) An easy solution is to negate one or more of the columns of Q; the resulting columns
of Q will still be orthonormal with the same column space. This will lead to a slightly
different R. (There are other ways of finding a QR decomposition as well.)

18




Problem 5: Same, but Different (13 pts)

In Chapter 2.4, we were introduced to one of many formulas for the optimal slope, w}, and optimal
intercept, wy, for the simple linear regression model h(x;) = wy + wix; when using squared loss:
* (2

wi=r-4 wy =Y — wT
Oz

The end goal of Chapters 3 through 6 has been to give us the tools to revisit the simple linear
regression model in terms of linear algebra, so that we can extend our model to allow for multiple
input variables. As we see in Chapter 7.1, the solution is to define the n x 2 “design matrix” X
and observation vector i € R” as follows:

1 = Y1

1 z Y2
X = TS

1 x, Un

Then, the vector containing the optimal model parameters is
@ = (XTX) Xy = |
Wy

It’s not immediately obvious why the components of «* should have anything to do with the
correlation, means of = and y, and standard deviations of = and y. In this problem, we will prove
that both of these formulations are equivalent, for any dataset (z1,y1), (2, y2), - (Tn, Un)-

a) (5 pts) Express the matrix (X7 X)~! using constants and / or summations involving z; and /or
Yi-

Solution:
1 1
1 xo n ;
XTX:[l 1 ... 1] 7 :[ i Z}I_lx%]
r1 T2 ... Tp| [: D1 Ti D i T
1 =z,

b) (3 pts) Prove that
(XX =L

Hint: Start by proving > 1, #7 = no2 + nz>.
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https://notes.eecs245.org/simple-linear-regression/correlation/#correlation-and-the-regression-line/
https://notes.eecs245.org/regression-using-linear-algebra/regression-using-linear-algebra/

Solution: From the previous part, we have that

1 A S
(XTX) =11 f=ll
o= (O w)? - n
To simplify, we’'ll start by provmg the statement in the hint, that Y7 ; 2? = no?2 + nz2.

The key “trick” is writing 7 as (z; — Z + %)%, and then expand by grouping ((z; — %) + 7).
We'll use the fact that Y | (x; — Z) = 0; see Chapter 0.1.

=Y (@—2°+22) (z—3)+nz’

i=1 i=1
D
0

n

=> (. —2)* +nz’

=1

= nag + nz?

How does this help us? Looking back at

1 I: Z?znl xZQ - Z?:l Li
n Zz 1% — (2?21 xi)2 - Zi:1 T n

We can make the following substitutions:

(xTx)™

o nY " 2? = n(no? +nz?) = nlo? + n?z?
o (XiLizi)? = (nz)? = 0’7
° Zz 1% _no-%_’_an

° — )i Ti=-—nZ

So,
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ny i w? — (i wz‘)z — i1 T n
1 nag + nr? —-nz
n?o2 + n?z? — n2z? —nT n

1 [nai%—m’ﬂ —na‘c]

n?o2 —nZ n

divide matrix by n
1 [Ug + z2 —m}

— | " -
noz T 1

o) (5 pts) Finally, prove that

e
T —1vT - -
(X" X)X yz[ oJ" ]

Hint: Start by proving that Y " | x;y; = nro,oy + nZy.
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Solution:
We already have a simplified form for (X7 X)~! from the previous part. Let’s look at
XTy.

Y1
XTg:[l 1 ... 1] Y2 :[2;?:1,%}
Ty T2 ... Tp . Zizlﬁiyi

Yn

This is where the hint comes in. Let’s show that """ | z;y; = nro,o, + nzy. It's not
immediately clear how to approach this, since starting with just > ;" | z;y; doesn’t seem
to help us. Instead, let’s start by expanding the definition of r.

= (555 (5
nroyoy, = i:(:r:i —z)(yi — 9)

i=1
n

Nrogoy = Z (Tiyi — 2y — YiT + ZY)
i=1

n n n n
TGy = mey@ — ?jzxi = !fzyz I Zfﬂ
i=1 i=1 i=1 i=1

n
Nrogoy = g TY; — NYT — NTY + nTy
i=1

n
NroL0y = E T;Y; — NTY
=1

n
E TiYi = NTrog0y + NTY
i=1

So, that gives us
xrg=[Zm] ]
Zlnzl ZTiYi n(raxay = fg)

Finally, we're ready to evaluate w* = (X7 X))~ 1 X7y
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1 =7 28 =
(XTX)leTg»: |:$ +0oz $:| |: ny :|

no? | 7T 1| |n(rogoy + Zy)

(22 + 02 -z U

| - 1| |rogoy + 2y

(2% + 02)y — Z(rogoy + ZY)
—IY + rozoy + Ty

roL0y

1
o2
1
o2 |
1 [2*)+ 02§ — Trogoy — 3‘:237]
o3
1
o2
y

Finally!

Note that the second component of the vector above is w} = r% and the first component of the

vector above is wjj = §j — r2£Z = §j — w}i, as we first saw in Chapter 2.4! I think this is beautiful.

Problem 6: Putting it into Practice (8 pts)
This problem asks you to apply the concepts in Chapter 7.2, and follows the last problem.

Suppose we’d like to fit a hypothesis function of the form h(z;) = wg + w1 7. Notice the squared
term; this is not a simple linear regression line.

To do so, we'll find the optimal parameter vector «w* that satisfies the normal equations. The first
5 rows of our dataset are as follows, though note that our dataset has n rows in total.

Ti | Yi
2 4
-1 2
3 5)
—71 3
3 | =7

Suppose 71, T2, ..., T, have a mean of Z = 5 and a variance of 02 = 8.

a) (2 pts) Write the first five rows of the design matrix, X.
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Solution: Since our hypothesis function is h(z;) = wy + w12?, the design matrix must
include a column of ones (for the intercept term) and a column containing z? for each z;

value.
1 z2 1 4
1 z3 11
X=|1 23| =11 9
1 z3 1 49
1 :p% 1 9

Here, each entry in the second column corresponds to z? for the given z; values in the
dataset.

b) (3 pts) Suppose that after solving the normal equations, we find w* = [_52] Find the aug-

mented feature vector Aug(#s) and squared loss for row 3 of the dataset.

Solution:  The augmented feature vector adds a constant 1 for the intercept and the

squared value of x3:
o (17 [
stz =] =y

The hypothesis function is
h(z;) = wo + wi?

Plugging in x3 = 3 and w* = [5, —2] "
h(zs) =54 (=2)(9) = —13
From the dataset, y3 = 5. The error for this data point is:
es =y3— h(xz3) =5—(—13) =18
The squared loss is

Loq(ys, hles)) = (ys — hles))® = (18)° = 324

) = B] Leq(us, h(z3)) = 324

o) (3 pts) Let Xy = 3X, where X is the full design matrix for our dataset with n rows. Determine
the bottom-left value in the matrix XtTriXtri, i.e. the value in the second row and first column.
Your answer should be an expression involving n. Hint: You can use any of the hints or results

from Problem 2 without needing to re-prove them.
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Solution: Starting with the design matrix

i e 3 322
1 2 3 3a3

x=1|, | Xm=3x=| "
1 z2 3 3z2

The matrix product is
3 3a?
3 3 ... 3 3 323
Ty . _

=l oo [

3 322

n

The bottom-left entry (row 2, column 1) is

n n n

> ()@ =) 9af=9) af

i=1 =1 i=1

Using the identity >°"" | 22 = no?2 + na?,

=11
n
2 _ 2 )
E r; =no, +nx
i=1

we substitute to obtain
Bottom-left entry = 9n (o2 4 z?)

and finally, substituting 02 = 8 and 7 = 5:

In(8 + 5%) = 9n(8 4 25) = 9In(33) =

Problem 7: Billy the Waiter (14 pts)

This problem involves writing code and submitting it to the Gradescope autograder. The goal of
this problem is to give you a taste of how linear algebra can be used to implement linear regression
in code, and show you how to build models that involve multiple features (including categorical
variables).

Open the the supplemental Jupyter Notebook we’ve created for Homework 7, which can either
be found here in the course GitHub repository, or here on DataHub.

This problem is entirely autograded; to receive credit for Problem 7 of this homework, you'll
need to submit your completed notebook to the autograder on Gradescope. Your submission
time for Homework 7 is the latter of your PDF and code submission times.
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