Lab 9: Gradient Descent and Convexity Solutions
EECS 245, Spring 2026 at the University of Michigan
due for completion at 11:59PM Ann Arbor Time on Monday, June 8th, 2026

Name:

unigname:

Each lab worksheet will contain several activities, some of which will involve writing code
and others that will involve writing math on paper. To receive credit for a lab, you must
complete as many of the activities as you can in 2 hours and submit a PDF of your work to
Gradescope. We will provide specific instructions on how to submit programming activities
(e.g. submitting the notebook or including a screenshot of some output).

Recap: Gradient Descent (Chapter 8.3)
Suppose f : RY — R is a differentiable vector-to-scalar function, meaning that all of its partial
derivatives are defined everywhere. To find Z*, the minimizer of f:

1. Choose a positive number, . This number is called the learning rate, or step size.
2. Choose an initial guess for the minimizer, ().
3. Then, repeatedly update the guess using the update rule:

FUD = 7O _ v (7))

4. Terminate once the algorithm converges, which happens when the norm of the gradient,
|V £(#®)]|, is below some small tolerance level, e.g. 0.001 (since this must mean we’re very
close to a minimum).

Intuition: The gradient vector V f(Z(*)) tells us the di-
rection of greatest increase in f at the current guess _
#®, so —Vf(Z") is the direction that will decrease -
our function the most. The distance moved in that di-
rection is determined by the step size a, which scales
~V f(#®). To update our guess, we add —aV f(#®)
to the old guess, Z(*). Then, we repeat this process.

Example gradient descent path for a function
f:R?2 5 R.


https://notes.eecs245.org/gradients/gradient-descent/

Activity 1: Gradient Descent Gone Wrong
Suppose 7 € R?. Let

(@) =2 + |2 = 2} + 2] + 23

To minimize f(Z), we use gradient descent, with a learning rate of o = i.
a) Open Desmos and plot the related function g(x) = x3+ 2. Even though this is a scalar-to-scalar
function, and f is vector-to-scalar, they are related. What do you notice about the shape of the

graph?

Solution:  g(x) is a cubic function, with a local minimum and local maximum and no
global minimum nor maximum. It is not convex.

b) Find V f(Z), the gradient of f(Z).

Solution: ) .
Vf(l')—|: 2332 :|__O_+2x
G
¢) Recall, #*) is the guess for Z* at timestep t. Let &(*) = o |-
72
Show that

t+1 1 @ 3, t+1 1 ¢
LSl L



Solution: The gradient descent update rule states that 7+ = #®) — oV f(z(*)). But,

of
since V f(Z) = [%w ] , we can think of the update rule as being two separate update rules:
)
x§t+1) — xz(t) . agf (f(t)), i = 172
T
Then,
of
2D _ 0 aale( (®))
1
= 2 — 2(3(a}")” + 221)
3 2
= xg) - Z(xg))Q - ng)
=10 3,0y
9 1 4 1

0x9
= o) — 222
= off) — 2o
_ %x;w




d) For any initial guess #*), what does xgt) converge to ast — 00?

Solution: xg) converges to 0 ast — oo because it’s being divided in half at each iteration.

e) Suppose 70 = [_01],

i) Find 71,

ii) Will gradient descent eventually converge, given this initial guess and learning rate?

Solution:
i. Recall that :cétﬂ) = %xgt). So, xgl) = %xéo) =1.0=0. As for :cgl), we have
n_ 1o 3, 0
955 = 53«“5 )~ Z(ﬂﬁg ))2
1 3.
= —(=1) - 5(~1
S(=1) = (1)
__1 3
2 4
_
-4

ii. Gradient descent will not converge: the guesses for xgt) will get larger and larger in

magnitude, approaching —oco. This happens because the term —%(az&t))z dominates the
term %ax&t) in the iteration rule. Since xgl) is already larger than 1 in magnitude, (:vgl))Q
will be even larger than that (since when you square a number greater than 1, it increases
in size), which propagates to the next iteration and so on.

t+1)

o] 0 _ 3,02

1
51‘1 — —\T

f) Suppose 7 = [é}
i) Find z(1).

ii) Will gradient descent eventually converge, given this initial guess and learning rate?



Solution: i. Similar to part e), we only have to find xgl).

1 1 o 3, @
93(1)251'5) 1(1‘5))2
_1oy_ 34
—2(1) 4(1)
__1
4

ii. Here, gradient descent will converge, since the absolute value of ccgl) is less than 1. If

. . t) . .
we run more iterations, we'll see that acg ) is approacing zero because the absolute value

. 2) . 11 11 1
keeps decreasing. x;”, for instance, is — g7, and | — &z| < | — /.




Activity 2: Gradient Descent for Empirical Risk Minimization

Suppose we have a dataset of 3 points, (1,2), (3,5), (6, —1). We’d like to fit a simple linear regres-
sion model, h(z;) = wo + wyz;, to this dataset by minimizing average squared loss.

While we already know a closed-form solution for the optimal parameters — we’ve seen multiple
equivalent versions of these formulas throughout the semester — let’s use gradient descent to find
them.

Letw = [ZO} . Using an initial guess of w(®) = [8} and a step size of a = 0.1, perform one iteration
1

of gradient descent. What is w(1)?

Hint: You can proceed either by using the gradient of Rsy () = L ||— X ||? from the notes or by computing
1

the partial derivatives of Rsq(wo, w1) = + Y1 (yi — (wo + wia;))? with respect to wo and w;.



Solution:
Let’s use the gradient of Ry (@) = 2|57 — X||? from the notes.

2

n

2

= —E(XTg— X1 Xw)

V Rsq () XT(X@ - 7)

Here, X =

So, the gradient descent update is given by

- o= o300 3]) [

Note that if you did this using the partial derivatives of Req(wo,w1) = £ 3% (y; — (wo +
wyz;))? with respect to wy and wy, you would get the same answer!

n

ORsq o Z(yz — (wo + w1z;))
Vqu(w) = [gﬁg] = 9 o
O —— Z(yz — (wo +wix;)) x5

) (0)

Plugginginn =3, 21 = 1,20 = 3,23 =6, y1 = 2,y2 = 5,y3 = —1, and w(()o =0,w;’ =0, we

get

i 330
— 3 =1
—3 ?:ly’ixi:|
—2(2+454(-1)) }
T [-23(2-145-3+(-1)-6)

| -4
~|-22/3
Then, @) is given by

) = 5O _ aVRSq(u‘)‘(O))

-f]-u[
2/

- [

which is the same result as before!




Activity 3: Convexity and Gradient Descent

A function f : R? — R is convex if for all # and 7 in its domain, and for any ¢ € [0, 1],

f(A =0T +ty) < (1 =) f(Z) +1f(Y)

The English interpretation of this definition is that the line connecting any two points on the
graph of f always lies on or above the graph of f. Intuitively, a convex function is a function that
curves upward, like a bowl.

f((1-t)x+ty), t=0.30 \-/
-9
- [
" (1-)f(x)+tf(y), t = 0.30

-1 -0.5 0 0.5 1
A non-convex function.

a) If a function is convex, it must have a global minimum.

O True @ False

Solution: This is false. For example, f(z) = e” is convex, but it doesn’t have a global
minimum. It approaches 0 as z — —oo, but it never actually reaches it. f(z) = z is also
convex and doesn’t have a global minimum.

b) If a function is convex, then gradient descent must converge on it given any initial guess and
step size.

O True @ False

Solution: This is also false. If we choose a step size « that is too large, gradient descent
may oscillate or diverge, as we've seen in examples in Chapter 8.3.

o) If a function is convex, then any local minimum is also a global minimum.

' True O False

Solution: This is true; a proof is given in Chapter 8.5.

d) If a function is convex and has a global minimum, then its minimizer must be unique.

O True ' False


https://notes.eecs245.org/gradients/gradient-descent/
https://notes.eecs245.org/gradients/convexity/

Solution: This is false: a function can have multiple local minima that are all adjacent
to each other, like a flat “ridge” at the very bottom.

4
35
3

25

every point here is|a global minimizer

-3 -2 -1 0 1 2




Activity 4: Linear Approximation

Suppose f : R — R, i.e. fisascalar-to-scalar function. In general, the tangentline to f(z) atz = a
is given by the equation

f) = @)+ () - a

g

tangent line

The ~ symbol means that the tangent line is an approximation of f(z) near x = a; in Appendix 2,
we defined it as the best linear approximation of f(z) near z = a. The expression on the right is
a line with slope %(a) that passes through the point (a, f(a)).

a) Draw f(z) = (z — 2)? + 5 and its tangent line at x = 3.

Solution:

First, let’s find the derivative of f(z) = (z — 2)% + 5.
df

So, the tangent line to f(z) at x = 3 is given by

f(:c)zf(3)+<3£(3)) (:L‘—3):6+2(3—2)(:L'—3):6—1—23:—6:

10


https://notes.eecs245.org/math-foundations/derivatives/

b) For vector-to-scalar functions, the best linear approximation at # = @ is given by

f(@) = f(a@) + (Vf(a)) (£ —a)
If # € R?, thisis called the tangent plane; if ¥ € R3 or higher, itis called the tangent hyperplane.

(21X

/=2
/
- /1
<~ s
AT~ / x1
T /1
5 /

- /
~ 2

v

Tangent plane for a function f : R? — R.

Find the tangent plane to (%) = ||7]|> — 3 at & = E] .

11



Solution:
Let’s start by finding the gradient of f(#) = ||Z||> — 3. Remember that V(||Z||?) = 2Z. So,

V(&) =2z
as well.

So, the tangent plane to f(Z) atZ = [g] is given by

=1 ([])+ ( /(E1)) (=)
-t @%ﬂ) )

=2 o] = ][]
— 26 — (8 +50) +[1ﬂ 7

4 -
= [10} - — 32

:]4x1+10x2—32\

The last two boxed expressions are both equivalent ways of writing the tangent plane.
This plane passes through (2,5, f(2,5)) while having the same gradient as f(Z) at that
point.

e Plugginginz; = 2 and z» = 5 into the final expression gives 26, which also matches

the value of f <[§]) = 26.

e In the latter form, the coefficients on z; and z3 are 4 and 10, respectively, which

match the components of the gradient vector V f < [ﬂ > = [ 14 0] :

So, the boxed plane is the tangent plane to f(Z) at & = [;] . It’s the best linear approxi-

mation of f(Z) near that point.

12




Activity 5: Using Convexity to Prove Inequalities

Proofs like this will not appear on Midterm 2 but will appear on the Final Exam

a) Suppose f : R — R is a convex function such that f(0) = 0. Prove that for all y € R and
te[0,1],

fty) <tf(y)

Solution: Since the definition of convexity states that

F(A =tz +ty) < (1 =1)f(2) +tf(y)
forall 2,y € R, we can substitute whatever we’d like for x or y. Let’s plug in z = 0. Then

f(A=1t)-0+ty) < (1—0)f(0)+tf(y)
fty) <tf(y)

b) Let f : R — R be a convex function. Prove that 2f(5) < f(3) + f(7).

Solution: We'll start by solving for ¢ using = 3 and y = 7 with the expression for the
input on the left side of the inequality.

=(1—t)z+ty
=(1—t)-3+7Tt
—3-3t+ Tt

1
=3+4t, t=7
Then, plug the variables into the inequality and simplify.

F((A=3) 3+ 3T < (A= 5)- F@)+ 5 57

f(erZ)S@_F&

2 2 2 2
2f(5) < f(3) + f(7)
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