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⑰4 Projections, Span ,
and Linear

Independence

-> Read : Ch . 3 .
4
,

Ch . 4 .

1 ,
4

. 2



Agenda Announcements
-

- Lab 3 solutions are up
-

Recap problem from last class
Ch. 3 .4

- HW 3 due Sunday
- The "approximation problem"

3 I -> HW 2 sol's will

Come outSat morning
->Motivation
-> Solution : Orthogonal Projections - Hu 4 due Wednesday,
-> Examples

out by tomorrow

- Span and linear independence 34
.1 - 4 . 2

- Midterm I is next Friday
from 1-3PM in 1690 BBB

Scope : Lec 1 - 5 (Ch· 1 - 4)
,

Labs 1 - 5
, HW1-5

-> Look at past exaus!





Ch . 3 .
3 cos(-0) = cos O

cos (180 -0) = -cosO

6 . 10 =⑳
0 = 30

:

0- 100:30-
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+X zyz +Xzyz+ -- - + X yyn)
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=j = 11 XIIIlijlI cos O

(2)) · (3j) = 112 11/13/1 casO
=(211x(1)(3 /ty/1)s O
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X! ----
->
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-
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sin 30



Chapter 3 . 4 "Approximation Problem
"

it
Q : Among all

- scalar multiples

- of i , i.e. all

- vectors of the form K ,

* Y
Where Ke R

,
which is "closest"
to i ?



/extreme rectori i is

-> Goal : Pick I such that

r Hell is as short-
Y as possible !

In this picture , R = 1 .
6



Guess :

the shortest

Y possible error
vector is the

one that is

orthogonal to

↑ (and KV) !



HW 3 :

-(A) = Hell = (n-**) · (n-ti)
minimize



SupposeKo is chosen such that Eo = -K.isorthogonal
and K* No is

in Y
scalar

otherroo
a

Pythagorean theorem
:%mI . 112+ 11 kow -k'*/ = It'12

-- I. /P+
" Mill : I'll

-0 !

So
, It< It'll



-

e =-ki

Punchline : In
order to make

E ,
the error rector.· as short as possible,

pick A
such thatt is

Task : Find K*
,

i

.e . the t orthogonal to !

that makes - orthogonal to 5.



Need v to be orthogonal to U-KY

to Their dot product must be 0.

v . (n - kv) = 0

Y . i - V
. (kv) = 0 optimal value

n . 5 - k (v . v) = 0 - of K !

u . v = k(V - v)

KEE



"shadow" of

in outo i

-
p

:K* is called the "orthogonal projection
"

Yof i Int



Example : i = (2) ,

v = [1]-OK=
① Find projection of is onto

② Find error rector, verify =S

it is orthogonal (to who ?)S 3

⑤ Find Hell (length of error rec)
=: [ ]
③ Hell =

②=-p = [2] -[] = [ #+( )"+Ts)
e . v = [i] [] =or ==



· (1 ,
2 ,2)

shortest distance
between·(1 ,
2

,2) and
line ?

!
same answer



Task : Write i as a linear combination
i = [3] of i, and2
v = [3] i = ++
= = [3]

[] = a [i] + b[s]
3 = 6a + b +

6a = 3-b

= 3-
15 =- 6a +96

=-
18 = 10b = b =t=a=



i = [3]
Note :V,

and I are orthogonal !

v = [3] i
i

= = [3] "orthogonalup Y

decomposition
of i

= +&↑==
Pr =(=



suppose ,z orthogonal,

and that is can be written

as a linear combination of both

u = a +b
-

idea : dot product of both sides
with i !

u . v = (av +d) - ,

= a( .v),T
=fa

= a (v,.)



⑮
T-.p+

= Didea : When uniting
i
as

a linear combination of
-

some Y, v2 , --- , Ed
ideal if the vi's are

orthogonal !!!



Ahapter4. 1 "building blocks"
-

Eph
-

The san of the rectors
-...a
"spanning setbinationas

is the set of all possible linear

of them

Span (3 ,
in

,
. . .,3)

+....+add /92,92a sE
set of all possible lin. combs.



1 rector v= [e]
# n2 dimensional
example

-
"Spanis) = (a(2] (n+R

another formula : y= 24 = a line through

S [i] /z=2x3 (0 ,
0) and (1,2)



1 vector in R3 ?

**= []

spankis)=Is a
of a line in IR



I rector in 17

= f) span([v3)isa
2 1dimensional "slice"

of R7



L : d + tr , teR parametric
fort

treeof a vector ?

through10,0)



Actors start with 13

① both 8

②" they are collinear : span is a
line !

③ the two rectors are not collinear

in 12 ,
their span is all of R2 !



R =]
= []

sspa,ch)=a
2-dimensional subspace of IR-

= it

subspace : flat "slice



Qurectors
IRV



3 rectors ,
in 13 could span :

① 203
=

O-dimensional subspace of MP3

① line t 1-dimensional subspace of IR3

③ plans 2-dimensional subspace of IRS

⑪ all of IR3 ! 3-dimensional subspace of I



d vectors,
In general, all inIRN
,,, . . .

de IRn
#fctors
-span a between O and

dimensional
in (n, d)

-

subspace of IR".dimit"
of the

universe the vectors
live in



a rectors in IRY max dim of span : 2

4 rectors in1R2 max dim of span :2



Activity : Find 6 rectors in1RY that

span
a 3-dimensional subspace ofR4

can makewita

-



Minnearindependence (Chapter 4. 2)

Vectors , E, . . .,
id are linearly independent

ifI none of the rectors can be written as

a linear combination of the others

to I same ! zero

② the only solution -

↓ vector

a ,
v
,
+a2v +

-- - + adva = T

is a ,
= a) = --- -ad = 0 "trivial" &"

otherwise
, the vectors are linearly dependentE



How are these 2 definitions
related ?

suppose 3 rectors. V
,
E, is

satisfy vz = 20 -4

these Ii's are not linearly independent,iFso they are linearly dependent

rearrange : 25 - PE2-Vz =8

a "non-trivial"=> can make t using
linear combination of It's lat

least one

ai + of



Chapter 4. 2



Ch4 .4 talks about to find
eg'n of plane in 13 in

ax +by +(z= 0
15
cross product

"

no!T
#no ! max # is 2

plane
all of R3

dan


