
EECS C45 , Spring 2026

⑮ Linear Transformations,
Inverses, and

Projections
-> Read : Ch. 6



Agenda P lease
watch ! Announcements

- Big idea 1
: deeply - HW5 due tonight
-

understand the conditions
- HW 6 due Sunday

under which a matrix
is - Lab 6 solutions up

invertible

More videos,

1 - Check out M11 scores +Grade Report
- What is an inverse ? on Gradescope
- Linear transformations, determinants

auto we will get back
-

Big idea 2 : projecting how to regression !the column space



Suppose A is an invertible matrix,

What does that mean ?

-> A mustbe square , nxn

-> There exists aquematixA
htis

- rank (A) = n
-> As cols are linearly independent



Example : 2x2 matrix e. g . A = [a]nee

Inverse of a 2x2 matrix

A= ["] A"=* [ii]
is

At7.
=

Fi -5
A AA"=AA

determinant of A, det(A)
= [ii]



observation :

l det (A) = 0 = A not
invertible

↑
if this was a 10 instead ofa 12 ,

inverse doesn't exist !

Ar7. to

determinant of A, det(A)



e]
I

A
5a + 7d +39 = 7 d

solve for
Fa+ f 4i

= 0 Al this way



transformation : a type of function

Suppose T is a function.
T is a linea transformation if

it satisfies

these I properties :

O T(x+y) = T(x) +T(j)
for all
X,y e

domain(T)

② T(cI) = c T(2) for
all * domain (T)
CER

①+ +(ax+by) = aT(y) + bT(y)



this is an

Example : f(x) = 2x +5 "affine"

Is this a linew transformation transformation
For it to be an LT

,

it must be the

case that

cf(x) = f(2x) for
all 24

but , e .g. if C= 0,

of(x) = 0 butof5

f(0x) = f(0)
= 5



↑ (i]) = [I]x

·
=A

2x/

T(y) =Ax

A T(x+y)
= A(x +y)
=A +Ay



&
idea : All linear transformations are

matrix-rector multiplications !

If d=n,
meaning A squares

T(E) = Aaax T :R-R"
=> focus on

T:- squareatrices



Aux =A[o] = [5]
f(r) =Av * Any = [i]~A is a diagonal

matrix

f((h)) = 3Anx + 4Any
~

area
=1

= 3[87 +47%]
area:
&joy"

= Idet(A))
=[i]

v = (3] ↓
"stretches"Y"scales

Y

each component independently !



A = [2.] A = []

def(A) =
-> def(x) =>



Suppose veIR"
,

e .

g .
v = [d]

Note that diy
ux= [b]
iy = (p) thatis

= A(cux +dy)
= c (Avi) + & (Auy)

key idea
: At is a linear combination of

Aux and Airy !



B "rotates" BPB =BBT=I= Co i]

~ "Orthogonal" matrix11Bill : Kill B" = BT

area
=1 (det(B)l :1 Bux

, Buy
linearly

-fi independent!

v= [ -3] f() = -2Bix + 3 Biy



Y
--

C rotates
,
then scales !

jet(c)) = area



D =B
A scales

B rotates

O
O ↑

Idet(p)) =
area



colsp(H) = span ofHi It's cols
- - a line !
not linearly independent !

-
H( =

↑ no shaded area !



H = [ 2] fleHe

infinitely many
I's

ledto-]
-



Bigidea : nxu matrix A is invertible

if and only if
the transformation
T() =A

is invertible

-> in other words , for every +",
there is exactly one I such that

T() =AX =y



Determinant ;
-

- swap 2 rows , det multiplies by 1

-

swap
2 cols , def multiplies by

- 1

- if A is 2x2 , (det(A)) is area
enclosed by the parallelogram
formed by As columns

(Aux and Aug
- 3x3 : /det(A)) measures volume of parallelepiped



for an arbitrary
n Xn,

Idet(A))
measures

n-dimensional

"volume"



Recap : when
is an uxu matrix invertible ?

all 7 are

A is invertible if and only if : equivalent !

O there exists Al such that AA"=AA =I

& det(A)+ 0 ⑦ For every be",

③ rank(A) = n
there isexactlyeR"

① A hasn linearly independent
columns such that

Ax=b
⑤ A hasn linearly independent

rows

⑤ nullsp(A) = 553 "trivial will space"



-Alinearco.A =b
uXn nX/

System of equations : n
unknowns (x,, X2, - - - Xn)
=>

H equations Cone por row of A)

Q : What is the solution to the system of egus ?

A : If A is invertible, then big idea : if A
invertible, there is

exactly onl↑#near- combination
-

of As columns that makes
- -

b &



Practical consideration : actually finding Al
is expensive computationally,
so we prefer to solve systems

directly
+ Ch. 6 . 2



Pridea2

# Projection of in out

p=)i
X k

*

why ? This vector
minimizes

Hell= // -Fill
Recall : the shortest possible e is

orthogonal to



-Remember, Xin
is a linear combination

of X's columns !W Xiv = w
,
-(1)+ wzX(2)colsp(X) +... +WdX(d)

= set of all linear combinations
of X's columns Xw

,

WER9
= set of possible values of



Goal : Minimize Il 1)2 = lly-X ill" Function ofAssume X ,y fixed ; we
can only control w

How ?
--Xw

To only !

a Pick in such that

T
~
-XuY
is orthogonal tocolsp(x) everyrector in colsp(X)-



How do we find the in such that -Xi orthogonal to
colsp(X) ?

X (, *
( ...a]

exa

Eil e Rh

How ? Find is so that -Xiv orthogonal to each
col ofX

· (y - Xw)=

=
(

· (i -Xi) =T

& equations



Aside :

Ax [Two interpretations :

① dof product of theMA

with X

② linear combination of As columns,

with coefficients from



Idea : what if we compute X" ?
T

T

Xaxn = I]-it
x" T (y

Xan(y -X(mxi
= () =% o



All we need to do now

is find t so that :

it X(i) = :

error vectorlop(* This will give
us the error rector

with the shortest possible
length !



X
+

(y -Xw) = J
-R

&

~
Remember

,

X
*

y
- XXi = 0

"normal equation(s)"XXiv = Xy
Chappens when X's cols are

Case 1 : XiX is invertible
linearly independent-

A
*X =(
= (XTX)"Xiy

unique - most important equation of the
semester

solution



When is XX invertible ?

Xinxd XX : axd

for any X ,

Hugely important fact : rank (X)
= rank (X

*X) !

proof
: see video

For XTX to be
invertible ,

= rank (X*X) must be d

=> so rank(X) must be d too

=so X's columns must be linearly independent !



= (i)
Q : which linear combination of X's

cols is closest to y ?

A : Xi , where io" = (XiX)"Xiy

ofc

.... = [-]



of all linear combinations of
X's columns,
-
is

the vector closest to y

X= (2)] + (%
-11

orthogonality: orthogord
toiy-p

in colsp(X)



XXW = X by
"normal equations"

-> In Case 1
,
when X's cols were linearly independent,
XiX was invertible , and

there

was a unique
Est

-> Case 2 : X's cols are linearly dependent &

-
=-

so XX # invertible
&
then
-F

wo"'s that satisfy⑳ many infinitely manyxXw =XTy ! solutions to the
normal equations



-- but even if X's
cols are linearly
dependent,# there is still only
one dest p

- there are just infinitely
many ways to
describe ip as

a linear combination of
X's columns


