
EECS 245, Spring 2016

⑮ Gradients and

Gradient Descent

-> Read : Ch .
8



Ch8 . 1 - 8. 4 IAgenda uncements
- all in scope ↑

radient rules
- Deadlines :

- Recap : Big 3 9.
- Minimizing

- HW 7 today

Rsq(w)= lly- Xill" II - HW 8 Sunday, no slip days

using gradients
- Lab a Monday

-

Using gradients
to minimize

- Midterm 2 on Tuesday
- new

I-3PM ! tualfunctionsalgwithala from 2 concep
Q's

~ If time : convexity
-

- No in-person lecture

not in scope for MT2, next Thursday
videos

in scope for Final
will be posted





Recap : Gradients~
"rector-to-scalar"

F:t + R
e. g. f(x) = (1 +x n)- Sosx , X = []

# f(x) = ]:I



fiR->R function
increases in

lots

of directions
,
but

- most quicklyincreases---⑰ in the
direction of the

gradient

:
⑧



Ultimate goal : minimize
mean squared error

Rog(i) =I
error rector

? The i that minimizes Rsg() will tell us

why !
How to make the best predictions
(n- optimal model parameters))

We know what the answer should be
!

LepIf X
*X invertible ,
= (x*x)"XTy



~p : Big 3 gradient
rules

① fix)==
a -xX, =R

Df(z) =a
I EIR"

② f(x) = 11/12
Df(x) = 2- "quadratic form"

matrix

③ f(x) = ETA
*eR", A

: nXn

xf(x) = (A+AT)x



We would like to
28

f(x) = 11 El) use the fact
that

i
* #IE11-> Ill ↑ (11*112) =2

rector scolar

9:Clar histolarmem

f(x) = h(y(z)) Recall

Mf(x)=(g(z) xg(x) = h'(g(x)Dq(z)
Here , Dill=Th) =:



f(x) = 121l
P PEIR

Chapter8. 2

f(x) = h(g(y)
h(x) = xPg(x) = 1171)

Xf(x)= (g(2))g()
=pg()p



Rsg() = Ally -Xill" want to find

=+ (y - Xw) (y -Xi) XRsg(iv)
-N -

(-yy- y . (Xiv) - (i) :y + (Xi0)
· (xi)

= (g) - 2 (2) · ig + (Xi)(Xil)
- (g . - Ci(X

*Y)+ WXI) X : nxd matrix
Ye
in +19



i.=T

Aside
=wi
so
, (Xw)y = w . (xT y)



Rsq)i) =Logy)+XIn)
DRsg()= (-2x +(

=-E(Xy -X
*Xn)



set - /Xy -X
*Xn) = 0

MRsg(in)
Xy

- xXw=0

the normal -> XXw = XPy
equation
same

condition
we

andforbefonations !



X
*Xi = XTy

allw's that minimize-Rsq(i) =Ally-Xall"
satisfy

-> if XTX invertible
,
there is a unique

best w :

uP = (x(X)
"

XPy
-> otherwise, infinitely many-see Chapter

6
. 4



f(x) = 20x3- 3x2 -10x +2
Goal : minimize f

atgues devite
a
at guess X = -0. 25 ,

moreut derivative positiverig

↓
more left

-



Gradient descent
e differentiable

f :&
-> R

.

a

Goal : Minimize Y function

First, choose initial guess, -10) and
a learning rate/step size , a s O

update guess using update rule -
-

zy(t
+1)

= 7
It)-)

recfor

Terminate when 11Tf(**) /1 < 0 . 001 (tolerance



Many examples
in Ch0 .3-go play with them !



Chapter 8. 3

one

T



f(x) = (x,2) +2x , - (x - 3)

Xf(x) = [2TJ
y() = [8]

,

d =t

(x) =" - GTf(x))
= (8) -+] :[]



Issues with gradient descent :me

numerical method
- Can get trapped at

a local minimum

~ step size too large -> may not converge



Gradient descent is usually used for

finding optimal model parameters,
i
. e. for empirical risk minimization

e .g. Rsq(i) = t lly-Xalk
g

since we have a "closed-form" solution

for we , we don't strictly need
GD

here



Let's try it !

Rsq(i) = lly -Xil)"

DRsq()=xig- X
*Xiv)

start with i10] from earlier today

w(t + 1) = w(t) - a)-t(X*y - x
=Xi())

Update until 1/DRsg(it))) - tolerance



guesses change a lot

O

approachingbest MSE
IlgradII
-> O

·assescrag O
⑳



"



Recap : we use gradient descent to
minimize

differentiable functions (vector-to-scalar
Mi
scalar-to-scalar)

when we don't have a closed-form minimizer.

Usually , the function is average loss/empirical risk,
so the minimizer is a rector of optimal

model parameters.



*
not on MT 2,
+

but on final exact



W-

How do we define convexity
about using derivatives?



En



Goal : Translate

"all possible secant
lines are on or above

function"
to a precise mathematical expression

: f(a) + t (f(b) -f(a)) + - (0 , 1]

-" = (1-t)f(a) + t f(b)
t=0 . 25

· Xin- (b, f(b)(a, f(a))
·

C 0.75a + 0.25b , (0.75a+ 0 .25b))



Suppose f : IRP-R is a function.

f is crex if

+ty ( )+ + f(y)
function

for all + -> 10 , 17

and all Exit in domain of 8



Why is this useful
?

- If we can prove function convex,
it doesn't have any "trap"
local minimums

-> GD won't get stuct

-> see video in 8
.5



convex ?L yes !

X-X

strictly convex ?
no !



only strictly convex if X’s columns are linearly independent.

e . g. mean squared error,

Rsq(i) = Ily-Xill
always convey


