
EECS C45
, Spring 2026

3 Singular Value Decomposition ,

Principal Components Analysis

-> Read : Ch . 10



Feeda Ch. 10 Announcements
- SVD im
-

-- singular value decomposition

I
Lab 11 solutions up

X= UEVT
~ Deadlines :

- where did it come from ?
- Hw10 today

- what can it be used for ?
- HW 11 Sunday

~ PCA - Lab 12 Mondaysis ·- Principal components analy - Final Exam on Wednesday,
a cool application of the 8-10AM
SuD

-After Hw10, fill out the
ter Survey andEnd-of-semes

official Evals for 1% EC



Recap : what is the singular value decomposition (SVD) ?

X uxd ,
not necessarily square

Xa Un ZuxaVat

SS 2
Orthogonal !

orthogonal
! [ = For...]

VTV=V=I
dxd

uTu = uU= Inxn

~25 !
-- > O

oi's
each o is a singular value ·

#non-zero
= rank (X)



Equation that relates
cols of U to cols of V :

X Vi = 0,Gi
its column of
U

Y
& +Ri

its column of V
d
e



X = [ 5I3o X =i
i 0 a

,

0



where does the SVB come from ?

X = UEV

X is not square, so
it doesn't have any eigen-things.

But XX and XXT are both square
!

They are also symmetric , thus the spectral theorem-
tells us they are diagonalizable with orthogonal eigenvectors.



#ecop: diagonalizable
matrices and the spectral theory

exists

- If A (nxn)
diagonalizable,

then

A =V1
= [x]

↑ cols are eigenvectors of A

- Spectral theorem says if
A symmetric (A

=AT)
,
then

QQ = I ,

A =Q1Q so Q = QT

↑ cols are eigenvectors of A



X =US not summation !

xiX = (UEVT)
T UEVT

= VELUSV
looks like Q_Q

I

= VEEV
-

XX" = UEV" (UV) =
UESTU

= uEE"UT
also looks like QAQT



Enxd
2 = Cro] examplea

E
*

E dad
o 0 o

e.g. X
5X3 , ranc

= 2

[ nxn

22 =.00-

square,

diagonal



X = UEV3

XX = VEEV = [2017 v-
-> XX is a symmetric matrix

!

-> v(ST) Vi is just
the spectral decomposition

-> columns of Varegenrectors of X*X
XX's eigenvalues

-> 0; = X: of X
*X
- are 30,

since XX is
- 0:X +X

positive semirdefinite
!





Find SVD of X

example,] rank(X) = 2

eigenvalues :X
- since ranke (X) = rank (X*x) =2,

x
=X = [257 XX not invertible, 2

so O is an eigenvalue
->What are the other 2 ?

xx = [10, * , xz = 170
-144 = 26

=
x, = 26

X, +X2 = 27 xz = /



0 = 56 2 = [r 00 I
02 = /

eigenvalue 26 :
V
,
=?

XX - 262 = -34
x
=X = [257 I I40 -25

-> could find rector in milsp(XX-267)
- or

,
could solve

[37:]
=>
25a+3b+4 = 26a

=> a= 3b+4)
=> 3a+ b = 26b
3a= 25b



convert
a = 3b+49

-
v = <25/4] to itivector

,

becomes3a = 25b
col of first

set f a =3b+ 4
3a= 25

.4
3(3b +4)= 25b

a = 25. t
9b+n =25b

12 = 16 b =
b=+=



Ji , E ,
Fi

triplet of friends,
need to satisfy

Xi = 0: ii eigvee
&

eigues of
X*X



F



O,

i
2
,

7



and compute its (22)
norm

Emeniusnom
:

PrefedAis
arethe

=42

How do we measure how close Xapprox is from X ?

Compute 11X-Xapprox) =



SVD says that any
rank-r matrix X
~

can be written as a sum of r rank-1 matrices

X = 0, u,
"
+ou+ -- +w
~
outer product : rank

-1

=So, :vi



Low-rank approximation
-

Suppose X is a rank-r matrix,

kr

then theBest rank-b approximation of X is

X=
-

* minimizejust takethefireouter producti



(1+n+d)k
Here :

(1 + 400 +30040
~ 28000

120, 000
lif you stored

all

400 x300

pixels)



Chapter 10 . 3 each row : 1 penguinem

use



I had to deal with

several numerical

features simultaneously

-idea : what ifwecreate

one new feature using
allof the existing

features ?



flipea Goal : produce
one new feature
using a combinationO i=[] of both existing
features

↑ ↑

new feature . = a (body mass;)
+ ↓ (flippegth : )

=> How do we find a and b ?

body mass



·Im



when we studied regression,

we minimized
mean squared error closest point

on line

Y

errori = actual y: -predicted :



now , we want to minimize

mean squared orthogonal
error !

X
↑closest point on live

-X
I



Eidea : we have hundreds of rectors
Crows of dataset) ,

all being projected onto one rector :

T .

Q : What is the besti ?

A :i that minimizes

mean squared arthogonal error !



Remember, span(2))
is a line through the

#v origin !



&
from each column ,

subtract the mean

of that column



Suppose X is our original nxd matrix.

Y is the mean-centered version of X,

produced by subtracting the mean of each column

from each colunen

-

What is **I ? *"I
contains the sum of
each col of X ,

each sum is O
,

so

"1 = % !



Remembergoalistoe ! Crector ,
row; of 2)

ontoits
doesn't matter, assume II/l=1 .
Then

,

P: = (ii)



Pi = (: · =) i

Goal : Minimize mean squared orthogonal error.

Formula ?

11 :
- Pill

5()=* - (v) = /12
"objective function" what i minimizes J(%) ?



Observation : if I minimizes mean squared
~ection error

,proj
it maximizes the

variance of the Pis !

Why is that
?

j(i)= /i
- (v) = /12

= ( :-(i))(i)
=; algebra

skipped

-E



So
, minimizing J(5)=

- ( .)all

is the same as maximizing

PV(v)= (- )2
"projected variance" of new feature

values

new feature : = F
- Y

02(X-* but these new feature valeo
have a mean of 0 !



)i
#
&

2



PV(v)=1 ( -v) projected variance

-> Goal : Find the -
that maximizes PV(E)

is this easier than finding the T
that minimizes

- J(v) ?

-> Insight :

↑v (2)= h (iv)=
1) ** /1

-> How does this help ?



de :[]
& . V

, D :

Y

, -.., In t
-> These are the dot products of theFrowsof X

with

-> These all get computed when we multiply
~

(X=



Goal : Maximize

PV(i)=Fill,
or equivalently just 11:11

Subject to thestrant
that Kill = 1

-> Issue : constrained optimization is complicated ,
not in scope for us

-+ but.... there's a solution !



Goal :

maximize 1/Fill" subject to Kill
= 1

Equivalent goal
:

maximize f()=
↑ its length
if I not a unit rector,

numeratorcancels out in -

denominator



Goal : maximize

= G f(r)=
problem

Now
,
take gradient of f (t) !

see

HWOgradiente

#f(v)=(xXv - f(v)v)
set to 0:*XV -f(t)v = J

*** v = f(v)



*** v = f(v)

-If v maximizes fSi), it satisfies the above
equation

- Look carefully: Iissaying v isana
- If we want to maximize ful, with the

choosev to beItheeigenvectavalue!



Important : in Y =UEVT (the SVD of Y),

the first column of V is the eigenvector
of* with the largest eigenvalue !!!

oF
withThee

the
eigenvector

↑



(new feature 1) = (*V ,
)
,
= .

v

.

where I , is first column of
V in

I = UEVT
I v v = I ,

(new feature 2): (* v2): so the columns of
V are unit rectors

and orthogonal to
one another



Pimpalcomponents analysis

- "Principal component" =
"new feature"

- "Principal components andysis"
= act of producing
several new features,

e .g. for
visualization

,

or for model building



To do PCA , first , construct X by mean-centering X.

The , * = UEVT find the SVD of
X.

Then,

Pj
= Xi = j

j ↑ tells me what linear
new feature j) combination of my original

my
data features is "best"



ialwayspoints ia ad out

j


